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Foreword

This educational-purpose manuscript represents a supporting (auxiliary) text-
book for the course “Distributed optimization with applications” within the
master program “Applied mathematics — Data science” at the University of
Novi Sad, Faculty of Sciences. The related course assumes that students
possess solid background in standard concepts from numerical optimization,
gained through the course “Fundamentals of numerical optimization” within
the same master program. The manuscript covers a major part of the course
curriculum, focusing on distributed methods for convex, non-smooth opti-
mization, and is aimed to assist students in acquiring solid understanding of
the concepts thought in class. The manuscript represents a supporting ma-
terial, while a more elaborated treatment of most of the topics can be found
in the references provided. In more detail, Chapter 1 of the manuscript
starts with reviewing relevant concepts and properties of convex functions.
Chapter 2 reviews elements of subgradient calculus and subgradient meth-
ods. Chapter 3 is concerned with duality theory. The material in Chapters
1-3 provides a required background for understanding of design and analy-
sis of parallel and distributed optimization methods for convex (non)smooth
problems. Chapter 4 introduces some common communication and computa-
tional (optimization) models and provides several application examples. The
chapter also considers dual distributed methods, while Chapter 5 considers
primal (sub)gradient methods. Chapter 6 considers an advanced topic and
is recommended for students that would like to understand the materials
beyond the nominal curriculum. The Chapter is concerned with the primal
distributed methods based on the Nesterov gradient method. Finally, we
conclude in Chapter 7.

Novi Sad, February 2020 Dusan Jakoveti¢, Aleksandar Armacki
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Chapter 1

Convex functions

This chapter gives the definition of a convex function and provides some
examples of convex functions. It also describes some commonly used rules
on how to characterize convex functions. This is standard material, see, e.g.,
[1, 2, 3, ?], for which we primarily closely follow [1] in Section 1.2. We also
closely follow [4] throughout the Chapter.

1.1 Introduction

A commonly studied class of functions found in optimization problems is the
class of convexr functions. Informally, a function is convex, if the function
value of a convex combination of any two points is less than or equal to
the convex combination of the function values at those two points. More
formally, a convex function is defined as follows.

Definition 1.1. A function f:IR%~ IR is convex if

fOx+(1=0)y) <0f(x)+(1-0)f(y), (1.1)

for all § € [0,1] and all z,y € IR%. If strict inequality holds for all 2,y and 6,
we say that the function is strictly convex.

If a function is twice differentiable, a necessary and sufficient condition
for convexity can be stated ([1], Section 3.1.4) as follows.

Proposition 1.1. A twice differentiable function f : R? — IR is convezx if
and only if

vif(z) 20, (1.2)
for all x € RY. If a strict inequality holds for all x, we say that the function
15 strictly conver.
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Here, notation A > 0 means that matrix A is positive semi-definite.

Remark. Equation (1.2) states that for a function to be convex, it suffices
that its Hessian matrix is positive semi-definite. Recall that a (symmetric)
matrix M € IR is positive semi-definite if one of the following (equivalent)
conditions holds:

o "Mz >0, for all z e IR%,
e all eigenvalues of M are nonnegative.

Example 1.1.1. Affine function:

We consider the function f : IR » IR, given by f(z) = az + b, where
aeIR?, belR. We would like to show that f(z) is a convex function.

In order to do so, pick any two points z, y € IR? and an arbitrary 6 € [0,1].
We want to show that in the case of our f, (1.1) holds for z,y and #.

f0x+(1-0)y)=aT Oz +(1-0)y)) +b=0a"z+ (1-0)aTy) + (1 £6)b
=0’z +b)+(1-0)(aTy+b)=0f(x)+(1-0)f(y)

We have shown that f(Az + (1-0)y) = 0f(z)+ (1-6)f(y), for all z,y ¢ R*
and 0 € [0,1]. Therefore, f is convex. Additionally, it can be shown that
f(x) is also concave.

To do so, first recall that a function f is concave if g(z) = — f(x) is convex.
If we define a = —a and b = —b, then based on what we have just proven, we
can conclude that g(z) = aTa +b = —f(z) is convex, therefore showing that
f(x) is concave.

Alternatively, to show that f is convex, we can prove that its Hessian
is positive semi-definite. Recall that we compute the gradient of a function
f:IR% IR through its partial derivatives as follows.

57;(27)
_| 55 @)
vf(z) = |2, (1.3)

o
a—fd(ﬂf)
Knowing that we can rewrite our f(x)=a’z +0b as

f(x) =a1z1 + agwa + ...+ agry + b,

it is not hard to see that in our particular example, the gradient of f is given



1.1. INTRODUCTION 5
by
a1
a
Vf(x)= :2 .

Qaq

Recalling that the Hessian is computed as

92 f

(2),

it is not hard to see that the Hessian evaluates to the zero matrix (exercise).
Therefore, we have shown that V2f(z) = 0, for all = € IR?, hence showing
that f is convex g

Example 1.1.2. Quadratic function:

We consider the function f:IR? ~ IR, given by f(z) = saT Az + 0"z + ¢,
where A € IR™ is a symmetric positive semi-definite matrix, b € IR? is a
vector, and c € IR is a scalar. We want to show that f(x) is convex.

To do so, we start by rewriting the function f as
1 d d
f(l') = 5 Z Aijxixj + Zblxl + C.
ij=1 i=1
Recalling how we compute the gradient (1.3), it is not hard to see that

af
&ici

[Vf(x)]l = (ZL’) = Ailxl + AZ‘QI'Q + ...+ Aidxd + b, (14)

Writing matrix A in terms of its columns, i.e.
A=lailas|. .. |aa],

we get to an equivalent representation of (1.4),
[Vf(z)]i = alz+b;.

From the expression above, we can conclude that the full gradient is of the
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form
g—:i(w) alz +b al T by
Vi) =| : |=| :+ |[=]: 3 I (1.5)
867];(3:) ag @+ by g | geqlTal g Lbal s

Noting that the first term on the left-hand side of (1.5) is actually the
transposed matrix A, and recalling that the matrix A is symmetric, we can
write the gradient of f as

Vf(z)= Az +b. (1.6)

Recalling the partial derivatives from (1.4), we can calculate the second-
order partial derivatives as

0%f
= A,
8@-8:6]- (fL') "
o2 f ’
02 (z) = Ay
which implies that
V2f(z) = A. (1.7)

From (1.7) and recalling that A > 0, we can conclude that f is convex.

In the case where A <0, f becomes a concave function. To show this, we
first recall that a (symmetric) matrix M € IR is negative semi-definite if
one of the following (equivalent) conditions holds:

o :TMx <0, for all z € IRY,
e all eigenvalues of M are nonpositive,
e — M is positive semi-definite.

Next, we use the fact that, for a function f to be concave, it suffices to
show that —f is convex.

Consider g(z) = —f(z) = 327 (-A)z + (-b)Tz + (-¢). Denote A=-A,
b=-band ¢=—c. Because A <0, we know that A > 0 (exercise). From the
previous proof, we can conclude that g(z) = %folx +2Th+¢ is convex. Since
f(x) =-g(x), it implies that f is concave, which is what we wanted to show.

In the case of A = 0, f evaluates to an affine function (as in the first
example) and so it is both convex and concave.
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Another interesting case to consider is that of A being neither positive
nor negative semi-definite. In this case, f is neither convex nor concave. To
illustrate, consider a quadratic function f:IR? = IR, given by f(z) = 2T Az,

where
1 0
A= [O _1].

In this case, we can write f as: f(xz) = 2% — 22. To see that f is not convex,
observe its behaviour along (0,z5), whereas to show that f is not concave,
observe its behaviour along (z1,0).

Note that in all the cases so far, we assumed A to be a symmetric matrix.
We now consider the case when A is not symmetric. First, note that the
quadratic form of a matrix and its transpose is the same (exercise). Therefore,
we can rewrite function f as f(x) = %:ET(AJrTATﬁ + b7z + ¢, that ensures the
matrix that corresponds to the quadratic term is symmetric.

1.2 Rules for recognizing convex functions

There are a few standard rules that guarantee a function is convex. Here, we
list some frequently used rules, e.g., [1]:

1. Concatenation of an affine function and a convex function:

Let h:IR* = IR™ be an affine function, given by h(z) = ATz +b, where
AeRY™ and b e IR™, and let g : IR™ ~ IR be a convex function. Then,
the function f : IR* = IR, given by f(z) = g(ATz +b) = g(h(x)) is a

convex function.

2. Pointwise supremum of convex functions:
Let {fi}iea, fi: IRY ~» IR be a family of functions, where A # @. Define
¢: IR > IR, as ¢(x) = sup,4 f;(x). If f; is convex for all i € A, then ¢

is convex as well.

3. Infimum rule:

Let f:IR"xIR" » IR, and define ¢ : IR™ » IR, as ¢(x) = inf o f(x,y),
where C' is a non-empty set. If C' is a convex set and f is a convex
function, then ¢ is convex.

4. Non-negative weighted sum:

Let {fi}™, fi: RY ~ IR, f; convex, for all i = 1,...,m. Let {a;}™ be
a finite sequence of non-negative real numbers. Then, for f:IR? ~ IR,
defined by f(z) =aifi(x) + ...+ amfm(x) it holds that f is convex.
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Example 1.2.1. Norms:
Recall that a norm is any function |- || : IR? » IR, that satisfies:
1. |laz| =lal|z|, forall aeIR, for all z € RY,
2. |z +yl <[a] +]yl, forallz,yeR,
3. |z| >0, for all z € IRY,
4. |z| =0 < x=0, forall v e R".

In optimization, norms are used as cost functions (e.g. when minimizing
the distance from a target position in target localization, or when minimizing
the difference between the predicted and the true values in machine learning),
or often times as regularizers (e.g., introducing L1 or L2 regularization to
induce (group) sparsity in the solution). Some of commonly used norms
include:

e L1 norm - ||y = || +|z2| + ... + |24,

o L2 norm - |zfs = /ot +2+... + 22

o Lo norm - ||zfe = max;q1,_q|z|.

Any norm on IR? is convex. In order to show this, pick any z,y € IR? and
any 6 € [0,1]. We want to prove that (1.1) holds for f = -|. Starting from
the LHS of (1.1), we get

[0 + (1= 0)y[| < 0] + (1 =)yl = [0l|x] + (L = )yl = Ol«] + (1 =)yl

where the first inequality stems from the triangle inequality, while the second
and the third stem from the properties of norms and the fact that 6 € [0,1] g

Example 1.2.2. Least squares problem:

Consider function f:IR? — IR, f(x) = |Az—-b|32, where A e R™% beIR™,
We want to show that f(z) = |Az - b|3 is convex.

The L2 norm can be written as

|z]s = VaTz. (1.8)
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Proceeding from (1.8), we can rewrite the least squares problem as

f(z)=(Ax - b)T(Aa: -b) = (A:L’)TAJU 207 Az +bTb
=27 AT Az — 207 Ax + VP,

Noting that f(z) is actually a quadratic function, it suffices to show that
(1.2) holds. The Hessian of f(x) is given by

v2f(z) = ATA,

which is a positive semi-definite matrix (exercise), therefore satisfying (1.2).
This completes the proof.

Alternatively, we can use the rules of convexity to show that the least
squares problem is a concatenation of an affine and a convex function. We
start by defining g : R » IR™ as g(z) = Az +b, for A e R™" and b ¢ IR™.
Obviously, ¢ is an affine function. Next, we analyze the function f: IR™ ~ IR,
given by f(x) = |z|3. Using (1.8) once more, we can see that f is of the form

f(z)=aTz.

It is obvious that f is a quadratic function and its Hessian is the iden-
tity matrix, I (exercise). Since I > 0, we know that f is a convex function.
Therefore, our original function h(z) = |Az + b|3 can be expressed as a con-
catenation of an affine ( g(x) ) and a convex function ( f(z) ). By the
previously defined rules, this makes h(x) = f(g(x)) a convex function g

Example 1.2.3. Maximal eigenvalue of symmetric matrices:

Define f : 8" = IR, as f(X) = Apae(X), where S™ represents the set of
symmetric n x n matrices, and A\,q.(-) denotes the maximal eigenvalue of a
given matrix.

Recall that symmetric matrices have real eigenvalues and are diagonaliz-
able (exercise). Therefore, it can be shown that we can compute the maximal
eigenvalue of a symmetric matrix as (see, e.g., [5])

Amaz(X) = max TXyq. 1.9
(X) Q={q€IR"1HQ\|2=1}q 1 (19)

Consider the function o, : S = IR, defined as o, (X) = ¢ Xq = ¥7';_; Xi;q:95,
where ¢ € IR". We can note that ¢, is affine in X. Moreover, A4, (X) can

be represented as
Amaz(X) = mgx 0, (X).
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Using the fact that ¢,(X) is affine (and therefore convex) in X, and going
back to the rules of convexity, we can conclude that \,..(X) is a convex
function, as it represents a pointwise maximum of convex functions g

The main sources used for writing this chapter are [1, 4].



Chapter 2

Subgradient methods

This chapter addresses how to develop first order optimization algorithms
for convex functions that are not differentiable. The chapter introduces the
concept of subgradient, subdifferential, a basic subgradient method, and its
inexact variant. This is mainly standard material covered in, e.g., [7, 8, 9,
10], complemented with inexact methods [11]. Here, we primarily closely
follow [9, 10].

2.1 Subgradients and e-subgradients

Gradient-like methods are lauded for their simplicity and efficiency, which
is well-established, especially for convex, differentiable functions. A typical
gradient-like iterative method for solving problems of the type

felﬁa% f(z), (2.1)
has the following form
o = b — PV f (), (2.2)

where 2% represents the current estimate, x5! the next estimate, o the
chosen step-size and k the iteration counter.

It is of interest to develop gradient-like methods for functions that are
convex, but not necessarily differentiable. As it turns out, it is possible to
generalize the concept of gradients to convex, non-differentiable functions.
This concept is called subgradient, see for example, [9, 3, 2|, and it is used as
a search direction in methods of the type (2.2).

To motivate the definition of subgradients, recall the convexity condition

11
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(1.1). For differentiable functions, a condition equivalent to (1.1) is given by
f() > f(x)+ v f(z)(y-z), forall z e RY, (2.3)
for any fixed y € IR%. Using (2.3), we define the subgradient as follows [9].

Definition 2.1. Consider a convex, not necessarily differentiable function
f:IR% > IR. We say that ¢/(z) e R? is a subgradient of f at point z, if

W) 2 f(@)+ (¢! ()" (y - x), forall yelR. (2.4)

A notion tied with subgradient is that of subdifferential. Formally, a
subdifferential is defined as follows.

Definition 2.2. The subdifferential 9 f(z) of function f at point x is the set
of all subgradients of f at x.

Before further characterizing the subdifferential, let us recall the following
properties of sets.

Definition 2.3. A set S c IR? is said to be open if for any point z € S, there
exists a ball B.(z) = {y e R?: |y -z < €}, such that B.(z) c S.

Definition 2.4. A set S c IR? is said to be closed if its complement, S =
IRY\ S, is open.

Definition 2.5. A set S c IR? is said to be convez if
Or+(1-0)yeS,
for any 6 € [0,1] and any x,y € S.
We state the following two propositions without proof; see for example [9].

Proposition 2.1. For any convez function f: IR% — IR the subdifferential
Af at any point x € RY is a non-empty, closed, convez set.

Proposition 2.2. For any convez function f : IR* » IR and any point x € IRY,
the following holds:

1. If f is differentiable at x, then Of (x) = {V f(x)}, i.e., the subdifferential

is a singleton set with the unique element V f(x).

2. If 0f (x) = {g’ ()}, for some g/ (x) € R, then f is differentiable at x
and V f(x) = g¥ ().
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Example 2.1.1. Absolute value:

Consider a function f:IR — IR, given by f(z) = |z|.
Recall that f is differentiable everywhere, except at 0. Therefore, we can

conclude that:
ifz>0

if x<0

0f(x) = { g

Using (2.5), it can be shown that 0,+1 € 9f(0) (exercise). Moreover, it
can be shown that 0f(0) € [-1,1].

With numerical optimization methods for nondifferentiable convex func-
tions, a useful concept is that of e-subgradients (inexact subgradients), e.g.,
[11].

Definition 2.6. Consider a convex, not necessarily differentiable function
f: R+~ IR, and let € be a positive scalar. We say that ¢/(z) € IR? is an
e-subgradient of f at point z, if

F(y) 2 f(2) + (¢ (2))"(y - ) ¢, forall y e R". (2:5)

2.2 Subgradient calculus

Informally, subgradient calculus represents a set of rules on how one can
calculate subgradients and subdifferentials. The subgradient calculus may
be divided into the following two categories [9]:

e Weak calculus, that corresponds to calculation of a (single) subgra-
dient g7 () of a function f at point x.

e Strong calculus, that corresponds to calculation of the (full) subdif-
ferential 0f(z) of a function f at point x.

Remark. Recall the gradient-type algorithms of the form (2.2). In the case
of non-differentiable functions, the update rule (2.2) changes to

Ik+1 — :Ek _ akgf(xk),

where g/ (z}) is any subgradient of f at x*. Since any subgradient from the
subdifferential set can be used here, the weak calculus can be considered to
be more relevant in terms of numerical algorithms definition and implemen-
tation.
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We next introduce some properties of subgradients.
1. Scaling: Let f:IR% » IR and « >0, then
Olaf(x)] =adf(z) ={ag:gedf(x)}.
2. Summation: Let f;: R~ IR, i=1,2, fi, f» convex. Then
OLfi+ fol(2) = 0fi(x) + 0fa(x) ={g+ h: g € 0fi(x), hedfa(x)}.
We state and prove a “weaker” version of the summation rule above.
Claim 2.3. If g€ 0fi(x) and h e dfo(z), f;:IR* > 1R, i = 1,2, then

g+hedlfi+ f2](z),

for any x € R%.

Proof. Fix a point = € IR%. Because g € 0f;(z), we know that (2.5) holds for
g and f; at x. For the same reasons, (2.5) holds for h and f; at 2. Summing
up the inequalities, we obtain

i) + fo(y) 2 fr(@) + fo(@) + (g + 1) (y - @), (2.6)
for all y € IRY. From (2.6) it follows that g+h € [ f1+ f2](z), which is exactly
what we wanted to show O

The summation property of subgradients and subdifferentials can also be
generalized for m functions, instead of just two.

3. Pointwise maximum: Let f;: IR » IR, i=1,...,m, fi,i=1,...,m
convex. Define f(z) = max;.;__m, fi(z). It is easy to note that f(x) is a
convex function, therefore subgradients of f exist at any point z € IRY. We
will apply the weak and strong calculus to compute the subgradients and
subdifferentials of f.

Weak calculus for pointwise mazimum: A subgradient g/ of f at point
x can be computed as any subgradient gfi(x) of function f; at x, such that
f(z) = fi(x). In other words, for an arbitrary point z, we first find the
“active function” as i = argmax,_; _, fi(r) and any subgradient of f; at x is
simultaneously a subgradient of f at x.
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Example 2.2.1. Absolute value:

Recall the absolute value function from example (2.1.1). The absolute
value function can equivalently be represented as

f(x) = max{fi(x), fa() },

where fi(z) = z, fo(x) = —z. Note that both f;, i = 1,2 are convex (and
differentiable), therefore (sub)gradients are defined everywhere. We can use
the weak calculus for pointwise maximum to compute subgradients of the
absolute value function f.

For example, at the point z =1, f1(1) =1, fo(1) = -1, so we can conclude
that f; is the active function. Using the weak calculus, a (sub)gradient of f
at x = 11is a (sub)gradient of f; at x = 1. Since f; is differentiable, it is easy
to note that, g/1(1) = 1. Therefore, g/(1) = 1. Similarly, at = 0 we have
f1(0) = f2(0) = 0. Since both f; and f5 are active at x = 0, as per the weak
calculus rule, one can take both the (sub)gradient of f;, being ¢/1(0) =1, or
the (sub)gradient of f5, being ¢g/2(0) = -1, as the subgradient of f at x =0 g

Some further rules on weak and strong subgradient calculus can be found,
e.g., in [9].

2.3 Subgradient and inexact subgradient meth-
ods

In the case of convex, not necessarily differentiable f, one can utilise subgradient-
based iterative methods of the form [10]

k

$+1:$k

~akgk, (2.7)
k =0,1,..., where o > 0 is the step-size and ¢* is any subgradient of f
at xp. The iterative algorithm is usually initialized at an arbitrary point
29 € IR?. We will focus mainly on the constant step-size choice, oy, = a > 0.
See, e.g., [10], for several alternative step-size choices. In (2.7), an (exact)
subgradient can be replaced with an e-subgradient (an inexact subgradient),
yielding an inexact subgradient method. Under certain conditions, inexact
subgradient methods are close in performance to exact subgradient methods,
as described ahead. As considered in Chapter 5, inexact (centralized) sub-
gradient methods are very useful in the analysis of distributed subgradient
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methods.

In the following subsections, we will state the conditions and assump-
tions needed for algorithms of type (2.7) to converge, as well as perform the
convergence analysis for various step-size choices.

2.3.1 Optimality conditions for unconstrained minimiza-
tion

Recall the problem (2.1). For a convex, differentiable f, it is a well known
fact, e.g., [8], that, for a solvable problem of unconstrained minimization of
function f, the following holds.

Vf(z*)=0 — inf f(z)=f(z"). (2.8)
zelR

When f is convex, but not necessarily differentiable, the equivalence (2.8)
becomes

0edf(z") < inf f(z)=[f(z"). (2.9)
zelR
The goal of iterative algorithms of type (2.7) is to converge to a point z*

(or its neighborhood) that satisfies (2.9).

2.3.2 Analysis of exact and inexact subgradient meth-
ods

A set of assumptions commonly used for the convergence of subgradient-
based methods is as follows [10]:

1. Existence of a minimum:

fr=inf f(z)>-oo.
zelR?

2. Existence of a minimizer:

for some z* € IR%.

3. Bounded subgradients:

There exists a constant G € [0, +00) such that

g/ (2)] < G, for all ¢f (z) € Of (x),
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for all z € R”.
4. Bounded distance from the solution set:
|2 —2* < R, forallz* e X" ={y": f(y*) = f*},
for some constant R € [0, +00).
Define ff . as

foesr = min f(a"), (2.10)

-----

and let f:=limy o f£_,. It can be shown that (see [10] for the derivation):
[ =2 | < o = a7 + 207 (F* = £(2*)) + [a"g" |, (2.11)

with z* being any solution, and f* = f(x*). The latter inequality can be
shown to yield:

[0 — a2+ Sho (0o

2%

fest= [ < (2.12)
Next, consider the constant step size o = o > 0. Using the bounded
subgradients and distance from the solution set assumptions in (2.12), we

get
R?+a?G*(k+1)  R? aG?

Fa—fr< = 2.1
Joes =" < 5 0D 2a(k+1) | 2 (2.13)
From (2.13), we can conclude that
2
Tim (7, - ) < 25 @2.14)

or that, using a fixed step-size, the subgradient method converges to a fixed
neighborhood of the solution.

Remark. Recall the inequality (2.11). We can interpret it as follows: assum-
ing the step-size o is small, a crude approximation of (2.11) is the following

[t =2 ? < fla® - 2| + 207 (F* - ().

This roughly means that, if we are sufficiently away from the solution set,
the distance of the iterate to any solution is decreasing.

Remark. Note that inequality (2.14)depends on «a. It is possible to converge
to an arbitrary neighborhood of a solution, by choosing a sufficiently small
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a. However, this comes at the cost of slower convergence of the algorithm
towards its plateau.

Finally, when we replace the exact subgradient with an e-subgradient
in the constant step size subgradient method, it can be shown that (2.13)
changes into (see, e.g., [11], for a related analysis):

R? aG?

ffest—f*éza(k+1)+ 5+ 0(e), (2.15)

where O(+) stands for the “big-O” notation.
The main sources used for writing this chapter are [9, 10, 11].



Chapter 3

Duality

This Chapter introduces basic concepts from the (Lagrangian) duality the-
ory, including some standard weak and strong duality results. The topic is
covered, e.g., in |3, 2, 12, 4|. Here, we follow closely [4].

3.1 Introduction

The (Lagrangian) duality theory is very useful in developing dual decomposi-
tion and dual distributed methods, as studied in Chapter 4. In this Chapter,
we provide a review of basic concepts from the duality theory.

We first review basic concepts regarding formulation of constrained opti-
mization problems. Consider a problem of the form

min f(x)
hi(x)=0,i=1,....p
gj(x)<0,j=1,....,m
reX

, (3.1)

where f : IR? = IR is called the objective (cost) function, h; : IR® ~ IR,
t=1,...,p are called the equality constraints, g; R~ 1R, j=1,...,m are
called the inequality constraints, while the set X' is a non-empty, closed set.
We define

() = (ha(),..., hy(2))" |
9(z) = (g1(2), .., gm(x))"

It is known that the optimization problem (3.1) is convex if the objective

19



20 CHAPTER 3. DUALITY

function f is convex, and the constraint set
S={zeR":hi(x)=0,i=1,...,p, g;(2)<0,j=1,....m, v e X}

is a convex set [1]. Note that S can also be written as
P m
S=N{zeR?: hi(z) :O}ﬂ<ﬂ{x€]Rd:gj(x) SO})HX.
i=1 j=1

Recall that the set S is called the feasible set. We next analyze the convexity
of S.

To begin with, we analyze the set {z € IR? : g(z) < 0}, where g is an
arbitrary convex function. Take any two points z,y € IR?, such that g(x) <
and ¢g(y) <0, and an arbitrary constant 6 € [0,1]. Then

g0z +(1-0)y) <Og(z) + (1-0)g(y) < (0 +(1-6))0=0,  (3.2)

where the first inequality comes from the convexity of g, while the second
comes from the fact that both = and y satisfy g(-) < 0. From (3.2), we can
conclude that fz + (1 - 0)y € {z e IR?: g(z) < 0}, therefore, the said set is
convex, for a convex g.

Next, consider the set {:c eR?: h(zx) = O}. For example, choosing h to

be h(z) = |z||?> - 1, one can show that the set {x eR?: h(z) = O} does not
have to be convex, even if h is a convex function (exercise). The proof of the
following proposition is left for exercise.

Proposition 3.1. Consider the set H = {x e R: h(zx) = O}. Then, if h is
an affine function, H is a convex set.

From the analysis above, we can conclude that the problem (3.1) is a
convex problem if:

1. f is a convex function,

2. h; is an affine function, for all 7,
3. g; is a convex function, for all j,
4. X is a convex set.

In terms of the duality theory, problems of the form (3.1) are called
primal problems. Consider a primal problem of the form (3.1), not necessarily
convex. We define the Lagrangian function in the following way.
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Definition 3.1. For a primal problem of the form (3.1), the Lagrangian
function £:IR?x IR xIR™ ~ IR is given by

Lz, A p) = f(a) + ATh(zx) + pTg(x). (3.3)

Using the Lagrangian function (3.3) of the primal problem (3.1), one can
define the dual function as follows.

Definition 3.2. Consider the Lagrangian function (3.3) of the problem (3.1).
The dual function D : IR” x R™ ~ IR is given by

D(A ) = inf L(z, A, ). (3.4)

Using the dual function (3.4), one can formulate the dual problem of (3.1),
as follows.

Definition 3.3. Given the primal problem (3.1), one can formulate the dual

problem as
max  D(A\,
e D) (35)
st. pu>0

where the inequality p > 0 is point-wise (u; >0, foralli=1,... m).

The following proposition states the concavity property of the dual func-
tion (3.4).

Proposition 3.2. The dual function (3.4) is concave.

Proof. Recall that the dual function is given by
D\ p) = inf L(w, X, p) = inf {f(x) + ATh(z) +pTg(2)}.
Define ¢, (A, i) as

Ga(A, 1) = f(@) + ATh(z) + i g ().

It is easy to observe that ¢, (A, ) is affine in (A, i). Therefore, the dual
function

D(A, 1) = inf {d (X, 1)}

represents a point-wise infimum of affine functions. Recalling the pointwise
supremum rule for convexity — see, e.g., [9], one can conclude that D is a
concave function n
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Remark. From proposition 3.2 and the definition of the dual problem (3.5), we
can conclude that the dual problem is always convex, regardless of convexity
of (3.1).

3.2 Weak Duality

Recall the primal and dual problems, (3.1) and (3.5) respectively. Weak dual-
ity characterizes the relationship between the primal and the dual problems.
To begin with, we define primal and dual feasibility.

Definition 3.4. For a point z € IR%, we say it is primaly feasible with respect
to (3.1), if it satisfies the imposed constraints, i.e. it holds that h(x) = 0,
g(x) <0, xeX.

Definition 3.5. For a point p € IR™, we say it is dualy feasible with respect
to (3.5), if it satisfies the imposed constraints, i.e. it holds that p > 0.

Theorem 3.3. For any z € R? that is primal feasible (h(z) =0, g(z) <0,
x € X) and for any X\ € R? and any p € IR™ that are dual feasible (1 >0), it
holds:

1. D(A, ) < f(=),

2. d* =sup(y yempxirmips0r PN, 1) < p* = nf R (2)=0, g(2)=0, wex} f(x).

Proof. We first prove the statement 1. Pick any dual feasible point (A, u).
We have

D(A, ) = inf {f(x) + XTh(x) + " g(x) } < f(2) + XTh(x) + T g(2).  (3.6)

Recall that x is a primal feasible point. From there, it directly follows
that hA(z) = 0 and g(z) < 0. Combining this fact with the fact that (A, p)
is dual feasible, it follows that u"g(x) = p1g1(x) + ... pmgm(z) < 0, as each
component is a product of a positive and a negative number. Using these
facts in (3.6), we can conclude that

D(A, ) < f(=), (3.7)

which is exactly what we wanted to prove. For the statement 2., we use the
claim that was just proved. Observe (3.7), and take the supremum over all
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the dual feasible points over the left-hand side as well as the infimum over
all the primal feasible points over the right-hand side. We get

sup D(A, ) < inf f(z),
{(A\,p)eIRPxIR™:u>0} {zelR%:h(2)=0, g(x)=0, zeX}
which is exactly what we wanted to prove ]

Remark. Note from the previous proposition that p* —d* > 0. We call the
quantity p* —d* the duality gap. The duality gap is a measure of how well
the dual problem “approximate” the primal problem. If the duality gap is
zero, we can use the dual problem to obtain the exact optimal value of the
primal problem.

3.3 Strong Duality

Informally, strong duality specifies a set of conditions for which we can recover
the solution of the primal problem (3.1) by solving the dual problem (3.5).
Recall the duality gap, p*—d*. If the duality gap is zero, and some additional
conditions are satisfied, the primal solution can be reconstructed by solving
the dual problem. In what follows, the conditions for which strong duality
holds will be characterized more formally.

We consider convex problems of a general form, where the affine eqaulity
constraints are subsumed within the overall constraint set, under the in-
equality constraints (obviously, one can always represent an equality by a
non-strict inequality). The problems that we consider in this section are
given by

min f(x)
Arx<b | (3.8)
reX

where f:IR" » IR is a convex function, X is a closed, convex set, A € IR™*",
beIR™ and the inequality is element-wise. The Lagrangian of (3.8) is given
by

L(w,1) = f(x) + 1T (Az - b),

while the dual function is given by

D(p) =min f(x) + p* (Az - b).
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We can therefore formulate the dual problem as

max D . 3.9
(enax () (3.9)

Before we formally state the conditions for strong duality, and the prop-
erties of thereof, some definitions are in order.

Definition 3.6. For a point = € IR%, a ball centered at z, with a radius € > 0
is given by
B(z,e) ={yeR: |z -y| < ¢},

where | - || is any norm on IR%,

Remark. In general, we will work with L.2-defined balls, unless stated other-
wise.

Definition 3.7. An affine hull of a given set S ¢ IR? is the set

aff(S):{a1x1+...+ozrxT:ozi€]R, x;€8,i=1,...,r Zozl-:l,rzl,Q,...}.
i1
(3.10)

Definition 3.8. The relative interior of a set S ¢ IR? is the set
rel.int.(S) ={xeS:3e>0s.t. B(x,e) [ aff(S)cS}.

A key condition for strong duality to hold is the Slater’s condition. Recall
the problem (3.8). The condition is stated as follows.

Slater’s condition. There exists a point zq € rel.int.(X") such that Azy < b.

Remark. When X = IR", it holds that rel.int.(X') = IR" (exercise). In this
case, the Slater’s condition reduces to the following: there exists a point
xo € IR"™ such that Axzg < b. In other words, the Slater’s condition requires
the existance of (at least one) feasible point in this case.

We are now ready to state the strong duality claim, e.g., [4]. .

Claim 3.4. Consider the problem (3.8). Assume that the Slater’s condition
holds. Then, the following is true:

1. p* =d* (zero duality gap)

2. Moreover, if p* = d* € (=00, +00) then the dual problem (3.9) is solvable,
that is, there exists a p* >0, such that d* = sup .o D(p) = D(u*).
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Recall the (strict) convexity definition (1.1). If a function is strictly con-
vex, the following claim holds, e.g., [4].

Claim 3.5. If, in addition to the conditions from the previous claim, f is
strictly convex, then

v =argmin {f(2) + () (Az -0)},

where p* >0 is dual solution.

3.4 Dual subgradient method
Consider the problem

min f(z)
Az =0
reX

: (3.11)

where f:IR" » IR is a strictly convex function, X is a compact, convex set,
A eIR™" belR™ and the strong duality is assumed to hold true. We can
define the Lagrangian of (3.11) as

L(z,\) = f(z)+ AT (Az - b),
the dual function as
i T B
D(A) =min {f(z) + X (Az - b)},
and state the dual problem as

max D(N). (3.12)
Recall that D is a concave function, and that the problem (3.12) is equiv-

alent to

iy -D(N). (3.13)

Since —D is a convex function, we can apply the subgradient method (2.7)
to solve the problem (3.13). Denoting —g* € 9(-D(AF)), we get the following
rule for solving (3.13) (and consequently (3.12) as well)

A= AP+ agh.
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We are left with the question of how to calculate a subgradient of -D.
For a fixed \¥ we need to find an “active” function, that is

o (\F) = gh+t = argergin{f(x) + (AT (Az - b)}.

Then, we can calculate the subgradient as g* = Az*+! - .
In summary, the dual subgradient method works as follows. For k =
0,1,2,...

2F* = argmin { f (z) + (\*)T(Az - b)}
veX . (3.14)
)\k+1 — )\k + Oé(ACle+1 _ b)

In many cases, it is easier to apply the dual subgradient method to solve
(3.12), rather than solve (3.11) directly.
The main sources for writing this chapter are [4, 1, 2.



Chapter 4

Dual distributed methods

This Chapter introduces a commonly studied distributed optimization model,
as well as some commonly studied corresponding communication models, and
it presents a dual subgradient method for the studied setup. The Chapter
considers commonly used models, techniques, and results, see, e.g., [12, 14,
15, 16, 17|, for related more advanced materials. We also provide some
application examples for distributed optimization in Section 4.4. This Section
is mainly taken practically unaltered from the PhD thesis [18].

4.1 Introduction

So far, we assumed that all the components of the optimization problem
(e.g., objective functions, constraints) are available at a single location. For
instance, consider the least squares example (1.2.2). In terms of the problem
components, we have the matrix A and the target vector b. In a standard
machine learning setting, the matrix A would be the data matrix, whereas
the vector b would be the vector of target values, i.e., the values that we want
the model to learn.

In the era of Big data, it is fairly common for the data to be gathered
and stored at multiple points (e.g. sensors, computers), rather than having a
single storage and computation point. Various examples where this scenario
is relevant include large scale machine learning [19], [20], [21], distributed
inference in sensor networks [22|, as well as distributed target localization,
spectrum cartography in cognitive radio (CR) networks, flow control in com-
munication networks [23], to name a few. This, as well as the structure of
problems (e.g. in large-scale machine learning) has given rise to distributed
computational models, where distributed optimization plays an important
role. It is worth noting that distributed computation and optimization has

27
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a long history; see, e.g., [12].

4.2 Computation model

Recall that a standard optimization model is of the form
min f(x)
hi(I)ZO, izl,...,p
gj(‘r) So7j=17"'7q‘
reX

A problem that is suitable for decomposition, i.e. distributed computing,
has the following form

migfﬂx)+f2(f)+---+f1v($)> (4.1)
zelR

where f;:IR? » IR, f; strictly convex, for all i =1,...,N.

Remark. A condition that is milder can be introduced, while the analysis here
would continue to hold. Instead of requiring that all f;’s be strictly convex, it
suffices that all f;’s are convex, while at least one of them is strictly convex.

The cost function of the form (4.1) appears in many applications (many
of them listed above), e.g., in machine learning.

Example 4.2.1. Least squares problem:

Recall the least squares example (1.2.2). Assume that the data matrix
A e RY™? has the following structure

A

AN
where each A; e IR™, i =1,..., N, and similarly, the target vector b ¢ R"™
has the following structure
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where each b; € R™. Denote the cost function as f: IR? » IR, and recall its
form, f(x)=|Ax - bl|>.

Using the specific structure of the data matrix and the target vector, we
can write the cost function as follows

Alx—bl
Asx - b S
fla)=|Aw=b* = [| 727, 2 | P =2 A -0, (4.2)
: i=1
AN.CL'—bQ

where the third equality stems from the structure of the data matrix and
target vector, and the definition of the L2 norm (exercise). If we define
fi: R R as fi(z) = | Az - b;|?, it is clear that we can represent (4.2) as a
sum of N functions:

N N
f(@) = Az -b]* = z; |Aiz = by = Z;fi(x) .

4.3 Communication models

In order to capitalize on the specific structure of the data, as well as the cost
function, communication models that define how distributed computation
and information propagation is performed need to be introduced.

To begin with, in distributed optimization, a communication model is
often represented as a graph! G = (V, ), where V is the set of vertices (repre-
senting nodes or agents in our model), while & is the set of edges (representing
communication links in our model). An obvious requirement for all the com-
munication models is that the underlying graph is connected. This condition
stems, e.g., from the information propagation and consensus requirements,
to be discussed soon.

Some common communication models in distributed optimization settings
are the following:

e Master-worker model. The master-worker framework is represented
by an underlying star graph. In short, the master node is the central
node, connected to all the other nodes. It usually holds a copy of the
solution to the problem of interest, performs updates, and in some cases

!Depending on the settings, the underlying graph can be both directed and undirected.
In this book, we will consider only the communication models modeled as undirected
graphs; fore more on distributed optimization over directed graphs, the reader is refered
to [24], [25], [26] and the references therein.
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has a chunk of the data and performs a part of the computation itself.
Worker nodes are the nodes where the data is stored. At each iteration,
they receive the current solution estimate from the master node, and
their main goal is to perform computation (e.g., compute the gradient)
based on the solution estimate, and send the information back to the
master node, where the updates are performed.

e Fully distributed model. This communication model is represented
by a generic connected graph, such that usually no vertex is connected
to all the other vertices (i.e., no agent can communicate with all the
other agents in the network). Each agent can communicate only with
its direct neighbors. Each agent contains a chunk of the data. The
goal of each agent is to iteratively minimize the global cost function
based on its local data, while simultaneously achieving consensus on
the solution estimate with other agents in the network. The graph
may be undirected or directed, while here we study the undirected
graphs case.

4.4 Application examples

We now give several examples of problem (6.1) relevant in applications.

Example 1: Consensus. We explain consensus in the context of sensor
networks, but many other contexts, e.g., social networks, are possible. Let
N be deployed in a field; each sensor acquires a scalar measurement d;, e.g.,
temperature at its location. The goal is for each sensor to compute the
average temperature in the field: +~ YV, d;. Consensus can be cast as (6.1)
by setting fi(z) = 3(z - d;)?.

Example 2: Distributed learning: linear classifier. For concrete-
ness, we focus on linear classification, but other distributed learning problems
fit naturally (6.1). Training data (e.g., data about patients, as illustrated
in [15]) is distributed across agents in the network (different hospitals); each
agent has NN, data samples, {aij,bij}j]\fl, where a;; € R™ is a feature vec-
tor (patient signature — blood pressure, etc) and b;; € {-1,+1} is the class
label of the vector a;; (patient healthy or ill). For the purpose of future
feature vector classifications, each agent wants to learn the linear classifier
a ~ sign (a’x’ + x"), i.e., to determine a vector x’ € R™ and a scalar =" € R,
based on all agents’ data samples, that makes the best classification in a cer-
tain sense. Specifically, we seek x’ € R™ and 2’ € R that minimize a convex
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surrogate loss with respect to x = ((z/)7,2")":
minimize YV, Zj]\fl o (—bij(a;jx’ + 1;”)) +AR(x") . (4.3)

Here ¢(z) is a surrogate loss function, e.g., logistic, exponential, or hinge
loss [27], A > 0 is a parameter, and R(z’) is the regularization, e.g., {; norm
or quadratic. Problem (4.3) fits (6.1), with f;(z) := Zévjl o (—bij(agjx’ +"))+
2 R(x").

Example 3: Acoustic source localization in sensor networks. A
sensor network instruments the environment where an acoustic source is po-
sitioned at an unknown location 6 € R2, e.g. [28]. The source emits signal
isotropically. Each agent (sensor) ¢ measures the received signal energy:

A
Yi= T G
|6 =r:]?

Here r; € R? is agent i’s location, known to agent i, A > 0 and 8 > 0 are
constants known to all agents, and (; is zero-mean additive noise. The goal is
for each agent to estimate the source’s position #. A straightforward approach
is to find the nonlinear least squares estimate § = z* by minimizing the
following cost function (of the variable z):

2
minimize YV, (yZ - m) . (4.4)

Problem (4.4) is nonconvex and hence difficult; still, it is possible to efficiently
obtain a good estimator 6 based on the data y;, ¢ = 1,..., N, by solving the
following convex problem:

minimize 1YV, dist* (z,C;) (4.5)

1/8
where C; is the disk C; = {ZE eR?: |z -1y < (ﬁ) / }, and dist(z, C') = infec | 2—

y| is the distance from z to the set C'. In words, (4.6) finds a point @ that has
the minimal total squared distance from disks C;, i =1, ..., N. Problem (4.6)
fits our framework (6.1) with f;(z) = 1dist* (z,C;) .

Example 4: Resource allocation in cognitive radio networks.
Consider a set of secondary users (cognitive radios CRs), connected in a
generic network topology, that want to allocate their resources (e.g., fre-
quency subchannels) by minimizing the interference towards the primary,
licenced users. Each CR i wants to allocate its resource z; € R? (e.g., d =1
and z; is the frequency of a subchannel), so that the following three criteria
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are met: (1) minimize the interference that it experiences; (2) avoid collisions
in the resource domain with the neighboring CRs; and (3) the overall system
should avoid excessive spread of the total resources used by all CRs. The re-
source allocation problem can thus be modeled as the following optimization
problem:

minimize ZL Ji(zi) + 2 (i j)eE aij(zi —x;)* - 2 (i jyer Tij 10g ((zi—x;)?) .

(4.6)
The term J;(z;) is the overall interference power perceived by CR i; the
term —r;;log ((x; —x;)?) (with r;; > 0) is the repulsion term that penalizes
collision in the resource domain among the neighboring CRs ¢ and j; and
a;;(x; — ;)% (a;; > 0) is the attraction term that prevents from an exces-
sive spread of resources (too distant x; and z;.) The described resource
allocation mechanism has been proposed in [29] and is inspired by animal
swarms. Denote by x = (21,...,25)7. Problem (4.6) fits our framework with
fix) = Ji(x;) + ¥je0, B (xi—2;)% = %L log ((w; — ;)?), though the problem is
nonconvex.

Example 5: Spectrum sensing for cognitive radio networks. Con-
sider N secondary users (CRs) connected by a generic network. The CRs
sense the power spectral density (PSD) to reconstruct the PSD map of pri-
mary users (PUs), i.e., the CRs want to determine at what physical locations
the PUs are present, and what frequencies they use; this example is studied
in [30]. The model assumes NN, potential locations (a grid) of PUs; each
“potential” PU p has a power spectral density (PSD) expressed as:

D, (f) = b_i’;ebpwb(f),

where f is the frequency, W,(f) is rectangle over interval b and 6, is a
coefficient that says how much PSD is generated by the pth (potential) PU
in the frequency range b. The PSD at CR i is modeled as a superposition of
all potential PU’s PSDs:

Np Np Ny,
(I)z(f) = Z:lgipq)p(f) = Zlgip ] ebqub(f)a (47)

where g;, is the channel gain between PU p and CR i. Denote by 6 the
vector that stacks all the 6;,’s. Each CR collects samples at frequencies fj,
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[=1,..., L, modeled as:

Yigl = (Di(fl) + Q,z = hi,l(e) + Ci,lv

where (;; is a zero-mean additive noise, and h;;(6) is a linear function of
6. Reference [30] assumes that most of the coefficients 6, are zero, i.e., the
vector # is sparse. Hence, the spectrum sensing problem of determining the
vector x* — an estimate of 6 —

minimize  $.%; $7, (hig(x) = 4i)? + Az (4.8)

In framework (6.1), we now have f;(z) = X1 (hi(z) = yi)? + 2|z

Example 6: Distributed detection in sensor networks. Consider
N agents that face the binary hypothesis test H; versus Hy, e.g., [31]. Each
agent 7, at each time k, acquires a sample y;(k), where, for i =1,2,..., N:

Hy: yi(k) =m;+G(k),  Ho: yi(k) = G(k). (4.9)

Here, m; is a deterministic, time invariant signal, and (;(k) is a spatio-
temporally i.i.d. zero-mean noise. Consider a hypothetical fusion center
that collects the measurements y;(k) from all agents 4, at all times k. The
optimal centralized detector (that minimizes the Bayes error probability) is
the log-likelihood ratio test:

N
L;(t H 4.1
Nk;; i )Ho 12k, (4.10)

.

where 7y is the test threshold, and L;(t) is the log likelihood ratio based on
the agent i’s sample y;(t) at time ¢. We now give an optimization perspective
in the sense of (6.1) to describe the detection problem. The recursive update
of the centralized detector’s decision variable D(k) can be written as:

N

D(k+1) = D(k) - -~ ! 1 (% > (D(K) - Lilk + 1))), (4.11)

which is a stochastic gradient algorithm with step-size 1/(k + 1) to solve the
following unconstrained quadratic stochastic optimization problem:

[\DI»—

minimize f(x):

JZ_V; [(z = Li(k))?|H,]. (1.12)
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Namely, the term (% Zf\zfl(l'—Li(k‘Fl))) is an instantaneous, stochastic
approximation of the gradient Vf(z) = YN E[z - L;(k)|H;]. Indeed, as
is well-known, under H;, [ = 0,1, D(k) converges almost surely to x* :=
L YN E[Li(k)|H;] - the solution to (4.12). Note that (4.12) is an instance
of (6.1), with f;(z) := 3E[(z - L;i(k))?|H] (assuming that hypothesis H, is
true.)

The major part of this Section is taken practically unaltered from the
PhD thesis [18].

4.5 Dual distributed methods

In this section we analyze distributed methods for the problems of the form
(4.1), for the previously introduced communication models.

We start with the master-worker framework. Each node i € {1,..., N} is
assigned exactly one f;. First, the problem (4.1) is reformulated as follows;
see, e.g., |12, 4]. Each agent is assigned its own variable, z;, i =1,..., N. We

define v = (27,...,2%)T e R and f: RN IR, given by f(z) = =, fi(w:).
The problem can then be stated as

minN ; fi(z;). (4.13)

T1=...=T

Note that the feasible set of (4.13) is S = {(«7,...,27)T : 2 ¢ R?}. This
constraint is the consensus constraint, where we require all the agents to
agree on a solution, since the goal of the distributed system is that agents
collaboratively solve the joint problem.

Also note that the problems (4.1) and (4.13) are equivalent in the fol-

lowing sense. If 2* € IR is the solution to (4.1), then (z*T ... 2*T)T is the
solution to (4.13). Conversely, if & = (27,...,2%)7 e R"? is the solution to
(4.13), then 1 = ... = &y, and 2 is the solution to (4.1). We next reformulate

(4.13) to an equivalent form, given by

N
manfZ(xL)
i1
T1=2
SR (4.14)
Tr1 = T3

1 =IN
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and proceed to dualize the constraints, by associating the dual variable Ay
with the constraint z; = z;, j = 2,...,N. Note that the problem (4.14) is
convex, as we assumed f;’s are strictly convex, and the equality constraints
are affine. Since the Slater’s condition is satisfied (exercise), strong duality
holds as well.

Next, we form the Lagrangian of (4.14). The Lagrangian is formed as

N
E(Z)’Jl, ..., TN, )\12, ceey /\1]\[) = Z fi(xi)+)\1T2(x1—x2)+. . .+/\’{N($1—ZEN). (415)
i=1

The dual subgradient method (3.14) can now be applied:

e Primal update:

k+1 _ k+1 k+1\ _ :
= (2R = argmin L(xq, .., TN, A2, - AN )-

(1,02 N)
e Dual update:
ML= (YR = A+ a v L@ 0,

where the subgradient with respect to X is calculated at point A*, when
z is fixed, and equal to z#*+1.

Grouping the variables in (4.15), we can reformulate it as

E(I, )\) = (fl(xl) + ()\12 + )\13 +...+ )\1N)TLU1) + (fg(fL’Q) - )\{ZIQ) + ...

+ (fN(ZL’N) - )\{N[L’N).

(4.16)
Define next
G1(w1) = fr(z) + iz + M+ + An)
¢i(w:) = fi(w:) = My 7
1=2,...,N, then the primal update is
(. 2k) = argmin [ (1) + d2(x2) + ... + dn(zn)]. (4.17)

(xl 7777 IN)
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Note that (4.17) is equivalent to

2! = arg min ¢y (2, )

z1
3"t = arg min ¢y (x2)

2 . (4.18)
et = argmin gy ()

TN

It is obvious that all the argmin operations in (4.18) can be done in
parallel. Similarly, using the formulation (4.17), we can perform the dual
update in parallel by noting

k+1 _ \k k+1 k+1
Ay = A +a(of™ —x3™)

k+1 _ \k k+1 k+1
A3t = Ay +a(of™ x5

(4.19)

)\k+1

_\k k+1 k+1
N = Ay +a(a]

— 2k
Observe that, while we have N primal variables, we only have N —1 dual
variables. Also note that the construction of ¢;(z1) (and consequently the
update of 1) requires the knowledge of all the dual variables, whereas ¢;(z;)
(and consequently the update of z;), i =2,..., N only require the knowledge
of the “local” dual variables. Therefore, in the master-worker framework, the
master is assigned x1, while each agent contains x; as well as Ay;, 1 =2,..., N.
The resulting master-worker dual method is summarized in algorithm 1.

Algorithm 1: A master-worker dual method
initialize 22 € R?, i=1,...,N, A}, e R’ j=2,...,N, a>0;
for k£ = 0,1,2,... do

Agents j =2,..., N in parallel: send \f; to master;
All in parallel: perform (4.18);

Master: send z5*! to agents j =2,..., N;

Agents j=2,..., N in parallel: perform (4.19);

end

We next consider the dual subgradient method from section 3.4, applied
to the computation model (4.1), with the underlying communication network
given by the fully distributed model.

The goal is to derive a fully distributed iterative method to solve (4.1),
based on the dual subgradient method, where nodes perform computations
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in parallel, and exchange information only across communication links (i.e.,
with their direct neighbors). To begin with, we first define a neighborhood
of agent.

Definition 4.1. The set of neighbors of agent ¢, in the fully distributed
communication model, is given by

Ni={jev:{ij}ec},
where G = (V,€) represent the set of vertices and edges of the underlying

graph of the communication model.

Similarly to the master-worker framework, we use the reformulation (4.13)
of the original problem. However, unlike (4.14), we define the consensus
constraints as follows, e.g., [12, 7

N
min Z; filxs)

: (4.20)
x;=x;, forall {i,j} €&

Note that (4.13) and (4.20) are equivalent. First, the feasible set of (4.20)

is given by S = {(a7,...,2%)7 € RV : 2y =2y = ... = 2y }. Tt is easy to see
that if z* € IR is a solution to (4.13), then (z*7,...,z*T)T ¢ RM is a
solution to (4.20). Conversely, if (27,...,27)T ¢ RN is a solution of (4.20),

then #; € IR? is a solution of (4.13).
The Lagrangian of the problem (4.20) is given by

N
L(z,\)= Zfz(%) + Z )\Z(mz -zj), (4.21)
i=1 {i,j}e€,i<j
where # = (27,...,2%) e RN XA = (... \;...) e RM and M = |£|. The
notation |- | refers to the set cardinality function. In general, we can write
(4.21) as
N
L(x,A) =) di(w:), (4.22)
i=1

where ¢;(x;) is given by

oi(x;) = filxy) + xZT( Z Aijsign(i —j)). (4.23)

JeN;
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Here, sign : IR ~ IR refers to the sign function, given by

1 ifx>0
sign(z)=4 0 ifxz=0.
-1 ifx<0

Recall the primal and dual updates (3.14) of the dual subgradient method.
We want to derive the dual subgradient based primal-dual updates for (4.22).
From (4.22) and (4.23) it can be seen that for a fixed z*+!, the gradient of £
with respect to A at A\* is given by (exercise)

VA,C({I}kH,/\k) — xi'ﬁl _ :L,;{_?+l ’

and therefore, the dual update for A;; becomes

k+1 _ yk+1 k+1 k+1
for all {i,7} € £. For the primal update, recalling (4.22) and (4.23), we can
conclude that each agent in parallel performs

wf = argmin fi(z;) + (D0 Aljsign(j - Z))Txl (4.25)
Zi jeN;

similarly to the master-worker framework. The fully distributed dual method
is summarized in algorithm 2. For analysis of related more advanced meth-
ods, see, e.g., [16, 17].

Algorithm 2: A fully distributed dual subgradient method
initialize 22 € R?, A%, e R?, j e Nj, i=1,...,N, a> 0;
Agents 1=1,..., N execute in parallel;
for k = 0,1,2,... do
Perform (4.25);
Send 25! to neighbors j € N;;
Perform (4.24);

end




Chapter 5

Primal distributed subgradient
methods

This chapter considers a primal distributed subgradient algorithm in [14], see
also [12], and provides an analysis of the algorithm under a simplified setting
with respect to reference [14].

5.1 Communication and computation model

To begin with, we specify the communication and computation models and
some basic assumptions.

The communication model used in [14] is the fully distributed model intro-
duced in section 4.3. The underlying network is represented by an undirected,
connected graph G = (V,€). As was stated before, N; is the neighborhood
set of agent ¢, 7 =1,..., N. For each agent 7, we define the set

Ni = N;u i},

which is the set of neighbors of ¢ including ¢ itself.

The assumed computational model is as follows:

min szzfz(m) (5.1)

zelR? i=1

Each agent i has knowledge only of its local function f; : IR? ~ IR, which is
assumed to be convex.

39
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5.2 The weight matrix

Many distributed, consensus-based algorithms, e.g., [31], use a weight (con-
sensus) matrix. For a network of IV agents, it represents a N x N matrix,
whose key feature is to follow the network sparsity pattern.

More precisely, for a given network of NV agents, a weight matrix W is a
N x N square matrix, satisfying:

1. ’LUij>0, {i,j}eg,
2' wij:()? {Z7j}¢57 Z:/:.]
3. wii:1—2j¢iwij>0, i=1,...,N.

Here, £ is the set of edges of the underlying graph G = (V,€). We note
that not all of the above conditions are necessary, but we impose them all to
simplify exposition.

Informally, the weight matrix reflects the trust of agent ¢ in its own, as
well as its neighbors solutions. We make the following standard assumptions
about the weight matrix, used in convergence analysis.

Assumption 1. The weight matric W is a symmetric, doubly stochastic
matriz. In other words, WT =W and W1 =1, where 1 e RV2,

Some facts about the weight matrix follow.
o [W]=1.

e Define the N x N matrix J by

1 1
1 N N
J=—117T=|": :
N 1 1

N N

Then, |W - J| <1.

The intuition behind the second claim stems from the fact that J can
be considered as the “perfect” averaging matrix. However, since the graph
is sparse, we do not have access to such a weight assignment. If the graph
G is connected, and the assumptions above about W hold, then the second
claim is true and may be understood as follows: W is a “good enough”
approximation of .J.

2While we simultaneously use 1 to denote both the scalar 1, as well as the vector of all
ones, it will be clear from the context which object is in force.
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5.3 The algorithm

We are now ready to describe the algorithm. Let z¥ be agent i’s solution
estimate at iteration k. The next estimate is then computed as

it = Y wah - agl, (5.2)
jeN;
where ¢g¥ is a (sub)gradient of f; evaluated at z¥, ¢ = 1,...,N. A more

complete algorithm representation is presented in algorithm 3.

Algorithm 3: Distributed subgradient method
initialize 20 e R%, i =1,..., N, a > 0;
Agents i =1,..., N execute in parallel;
for £k =0,1,2,... do
Send the current solution estimate z¥ to neighbors j € A ;
Receive the neighbors solution estimates x;?, jeN;;

Compute a subgradient g¥ of f; at a¥;
Perform (5.2);
end

5.4 Convergence analysis

Let oF = (2¥,...,2%)T e RM?. We can state the update rule (5.2) in a more
compact way as
o = Wak - agh, (5.3)

where gk = (g¥,...,g5)T, W =W ® I € RV*N [ ¢ R™ is the identity
matrix, and the symbol ® represents the Kronecker product. 3

Without loss of generality, we can assume that d = 1, while the following
analysis can be applied to an arbitrary d € N. We define W =W - J. From
the analysis in section 5.2, we know that |1V < 1.

Claim 5.1. For the matrices W, I, J and W, it holds that
(I- YW =W(I-J). (5.4)

3Recall that for given matrices A € IR™*" and B € IRP*?, the Kronecker product is
defined as

AllB AlgB oo AlnB
A®B = : : : .
A, B A,0B ... A,.B
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Proof. First, we analyze the left-hand side (LHS) of (5.4).
Loor Lo 1
(I—J)W:W—JW:W—NH W:W—Nll =W-J=W,

where the third equality is due to the weight matrix being doubly stochastic.
Next, we analyze the right-hand side of (5.4).
WUI-I)=W-WJ=W-(W-INJ=W-WJ+JJ

. 1 1 R 1
=W-J+=11T—11T =W - J+ 117117
W= J+ 11 W-J+

~ 1 T ~ 1 T ~
:W—J‘Flel :W_J‘f'ﬁll =W.

This completes the proof O

Next, we define the following sequence
1 X 1
= ; zi=yle
Multiplying (5.3) by 17 from the left and dividing it by N, we get

S 55)

The update (5.5) resembles the update of a centralized subgradient method
to solve (4.1), given by

o (5.6

where gF is a subgradient of f; evaluated at y*.

Note the key difference between the updates (5.5) and (5.6) - the points
at which we evaluate the gradients. If (5.5) was a centralized method, the
gradients of f; would have been evaluated at z*, instead of z¥.

However, we will show that a% is close to z*, for all ¢ = 1,..., N, and
therefore, the method (5.5) behaves similarly to the centralized subgradient
method.

We make the following assumptions on the problem of interest (5.1).

Assumption 2. FEach f; in (5.1) is conver, not necessarily differentiable.

Assumption 3. The problem (5.1) is solvable.
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Assumption 4. For alli=1,...,N, |gi(x)| <G, G >0, for all subgradients
g of [; evaluated at z, for all x € IR%.

Assumption 5. [2? - 2*| < R, for alli=1,...,N and for all solutions x*
of the problem (5.1).

Additionally, define the following sequence

and i% = (2%, ... 2% )T e RN Tt is easy to note that #* = (I-J)z* (exercise).
We will study the evolution of the two sequences introduced next.

1. The “disagreement” sequence: ¥ = zt -7k 1=1,..,N.

2. The evolution of the average sequence z*.

From the definition of z* and (5.3), we have

FH = (1= D)kt = (I - J)Wak —a(I - J)g* =W (I - J)z* - (I - J)g"*
= Wik —a(l-J)g"
(5.7)

where we used calim 5.1 for the third equality. Applying the L2 norm on
(5.7) and recalling that |[WW| < 1, we get

|&% ) = Wik - a(l = D)g"| < [WI|Z*] + T = T[lg"| < 813" + el T = T|]4",
(5.8)

where we denote || =0 < 1. Next, recall assumption 4. It can be shown
that | g¥| < VNG (exercise). For |I-.J|| it holds that |I-J| < |I]+].J] < 2.
It can actually be shown that |7 —.J| =1 (exercise). Using these facts in 5.8,

we get
|51 < 62| + /NG, (5.9)

forall k=0,1,2....

Additionally, we make the following assumption.

Assumption 6. Let the initialization of 10 € RY, i=1,...,N be such that
9 =0, where 0 € IR,

Remark. Note that assumption 6 is not hard to satisfy. For example, ini-
tializing all ¥ to zero vectors, i = 1,..., N (a standard initialization in opti-
mization algorithms) satisfies the assumption.
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Applying 5.9 for k =1 with assumption 6 in place, we get
|2 < /' NG.

Similarly, for k= 2,3 we get

|122] < 82 + aV/ NG < (1 +6)aV/NG,
123] < 8]22] + o/ NG < (1+6 + 62)a/NG.

Applying the ineqaulity all the way up to k, we get

VNG
(1-0)°

which gives us the disagreement bound, completing the first part of the anal-
ysis.

|25 < (1+6+...+ 8 DNaVNG — |i¥| <

(5.10)

Next, we will analyze the evolution of z*. Recall assumption 2. For each
fi it holds

fi(y) 2 fi(al) + (y-ab) gl (5.11)
for all y € IRY. Summing (5.11) over all i =1,..., N, we get

N N N
Z;fi(y) > Z;fi(mfhg(y—x?)%f- (5.12)
Denote f(x) =Y, fi(x;). From (5.12) we get
N N
)2 3 (fiad) = fi(e)) + Xy - b+ 2 !

o= Yt -2t
) (5.13)

Mz

=f(f’“)—i(fi(fk)—fi(x?))+(y 1

.
—_
~

Next, recall that, by the Cauchy-Schwarz inequality we have 27y < |z||y||-
Applying this fact in (5.13), we get

fly) > f(@) =3 (filz") - filx )+(y—i”‘“)T;gf—;fo—ff"”l\llgflh (5.14)

=1
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By the convexity of f;, we have

fi(wi®) 2 fi(@") + (af - %) 79" (2")
= (fi(@) = filxs)) 2 =(@" = af)T " (") > = | g" (@) ||2* - 2f] (5.15)
= (fi(@) - fizi)) > -Glz* - 2f],

where we used assumption 4 in the last inequality. Substituting (5.15) and
appying assumption 4 in (5.14), we get

N N N
f(y) Zf(fk)—GZ;IIf'“—I?II + (y—fk)T§gf—GZ;llfk—$fl\~ (5.16)

Noting that |#*| = |z% — #¥| and denoting ¢k = 2G' ¥, |#¥], we get
N
F) 2 f@) + (-2 Y gf - (5.17)
i1
Next, we get

=

A k ’ N 4 k ’ 2 1 4 k ’ 1 i k|2
1) = (§ gt = v San) < (5 2 1at)
s k2 k|2
- N{ et - W

(5.18)
Using (5.18) in the definition of €*, and recalling (5.10), we get
2aNG?
ek = 2GZ |2%] < 2G\/_(N_G = 01‘ ? = (5.19)
Substituting (5.19) in (5.17), we get
N
Fly) 2 f(@)+ (y=3")" Y g . (5.20)
i=1

NRecall (5.5). Define gk = Z?:fl gf; and let z* be a minimizer of f(x) =
ity fi(z). We have

- . o . B . 200, T
a4 = |? < b= gt -t P < ok et P - o (@0 -at) gt 5 9 P (5.20)
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Using (5.20), we have

(z% - 29)Tg" <~ (f(@") - f(a™)) +e (5.22)

Substituting (5.22) in (5.21), we get

2 2 ’
ijﬁl _l,*H2 < Hi,k _x*HZ — Na(f(fk) - f(l‘*)) + Wae_" %“ngQ

2a0 20e (5.23)
<J7 a2 221 - ) + 22 a2
where we used |g¥| = N|gF| (exercise), and assumption 4 in the second
inequality. Rearranging (5.23), we get
200, .,y . ka2 kel a2, 20€ 9
~ (@) - f(@) <7 -2 P - 2™ - 27"+ =+ 7G5 (5.24)

Applying (5.24) telescopically all the way to k = 0 and summing all the
equations up, we get

k-1 k 2
> (/) - ) < - ke s S (5.09)

Define the running average z¢, = £ ¥ zt. Dividing (5.25) by k, we get
g g ra k £&t=0 g

1At . N . . aNG?
LS H@) -1y s gt - DR ()
=0

Due to convexity of f, we know that f(zk,) = f(:Xi, 70) < + ¥ f(70)
(exercise). Therefore, we get

N[z -z*]2  aNG2
— tet+—.

Tk )~ f(x*) < 2
Applying assumption 5, we get
N R? NG?
Fab) - et < 5w e T (5.2

which shows that the running average converges to a neighborhood the solu-

tion, as k — oo. If we define zf,, = 150 ot, we have

Fat ) = @) = (f(mira) = F@E)) + (F(25,) - F(2z)). (5.29)
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While can bound the second term on the right-hand side of (5.28) using
(5.26), we can use convexity of f to bound the first term on the right-hand
side as follows.

f(ffa) 2 f(xf,ra) + gf(xﬁra)T(jﬁa - xﬁra)
- f(xz ra) f(jjfa) < gf(xi?ra)T('Ifra - jjfa) < Hgf(xfra)u H(xfra - ffa)”

) = aNG
<GH—Z(~"E ||<G ZH tH—NG ZH ') <

(5.30)
Finally, using (5.29), (5.28) and (5.30), we get
aN2G2 NR2 1 5 2aNG?
( zra) f( )— ZOék +§QNG + 1-0 ) (531)

which shows that the running average of each individual agent’s estimate
converges to the neighborhood of the solution.

Remark. With respect to the centralized subgradient method (see (2.12)),
the right-hand side of (5.28) is of a similar form. It is only deteriorated by
the additive term €. Note also that with the centralized subgradient method,
we kept track of the best point so far. Here, we kept track of the “time”
average. Among other reasons, this is because, in the distributed settings,
keeping track of the best point so far is hard (no agent has access to the full
objective f, only its local f;).

Remark. Note the difference between (5.28) and (5.31). Compared to (5.28),

(5.31) is only deteriorated by aN G , which is due to the disagreement be-

tween the local solution and the average network solution.
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Chapter 6

An advanced topic: Primal
distributed Nesterov-like gradient
methods

This chapter considers distributed gradient methods based on the (central-
ized) Nesterov gradient method, e.g., [32], for smooth convex costs. The
methods have been proposed in |33, 34|, while here we present the analysis
of these methods from Chapter 4 of the PhD thesis [18]. Specifically, we con-
sider here the methods D-NG |[33] and mD-NC |[34]. The main purpose of
the chapter is to show an example of a mechanism for distributed algorithms
acceleration (Nesterov gradient-based acceleration), as well as describe the
main steps in the analysis of an accelerated distributed method. A major
part of the Chapter is taken practically unaltered from the PhD thesis [18].

6.1 Algorithm D-NG

6.1.1 Model and notational preliminaries

Notation. We denote by: R? the d-dimensional real coordinate space, d > 1;
A;; the entry in the i-th row and j-th column of a matrix A; a; the i-th
entry of a vector a; (-)7 the transpose; |-| = | -||2 the Euclidean (respectively,
spectral) norm of its vector (respectively, matrix) argument (We note that
|- | also denotes the modulus of a scalar throughout); A;(-) the i-th smallest
eigenvalue; |- | the cardinality of a set; V7 (y) the gradient evaluated at y
of a function J : R? - R, d > 1. Finally, notation r(k) = O(q(k)) means
existence of a K > 0 such that (k) < puq(k), for some p > 0, for all k> K.

49



20 CHAPTER 6. NESTEROV-LIKE METHODS

Distributed optimization model. The nodes solve the unconstrained
problem:

minimize ;f,(x) = f(z). (6.1)

The function f; : R4 - R is known only to node i. We impose Assumptions 7
and 8.

Assumption 7 (Solvability; Lipschitz continuous gradient). 1. There ex-
ists a solution x* € R? with f(z*) = inf e f(x) = f*.

2. forall i, f; is convex, differentiable, with Lipschitz continuous deriva-
tive with constant L € [0,00): |V fi(2)-V fi(y)|| £ L|x-y|, for all z,y e
R4,

Assumption 8 (Bounded gradients). There exists a constant G € [0,00)
such that, for alli, [V f;(z)| <G, for all z e R

6.1.2 D-NG algorithm

We now describe the algorithm D-NG proposed in [33]. We continue to
assume a generic, undirected, connected network, as in Chapter 5, with an
associated doubly stochastic weight matrix W. Algorithm D-NG generates
the sequence (x;(k),y;(k)), k =0,1,2,..., at each node 7. Here, y;(k) is an
auxiliary variable. D-NG is initialized by x;(0) = y;(0) € R?, for all i. The
update at node ¢ and k£ =1,2, ... is given by the following:

zi(k) = Zo:mjyj(k?_1)—Oék—1sz‘(yz‘(k?—1)) (6.2)
vi(k) = xi(k)+ Br1 (z(k) —xi(k-1)). (6.3)

Here, W;; are the averaging weights (the entries of the N x N matrix W),
and O; is the neighborhood set of node i (including 7). The step-size a4, and
the sequence 3y are:

c k
il c>0; Bk—m, ]{?—0,1,... (64)

Vector form. We can also present D-NG in vector format. Introduce
.flf(k’) = (xl(k)T7x2(k)T7 "'7xN(k)T)T7 y(k) = (yl(k)T>y2(k;)T7 "'ayN(k)T)T7 and
define F': RV? - RN as: F(z) = F (21,29, ...,xn5) = (f1(x1), fa(z2), ..., [n(zN))T.
Then, given 2(0) = y(0), D-NG in vector form becomes:
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x(k)
y(k)

(Wey(k-1)-ap 1 VF(y(k-1)) (6.5)
2(k) + By (w(k) —2(k-1)), k=1,2, ... (6.6)

6.2 Analysis of algorithm D-NG

In this Section, we consider D-NG for unconstrained optimization, when the
fi’s satisfy a growth condition. Subsection 6.2.1 details the Assumptions
and setup, Subsection 6.2.2 defines clone functions ¥ and gives their prop-
erties, and Subsection 6.3 performs convergence rate analysis. Throughout
the current section, we consider static networks.

6.2.1 Assumptions and setup

We impose the following two Assumptions on the f;’s.

Assumption 9. For all i, f; : R? - R is convez, differentiable, and has
Lipschitz continuous derivative with constant L, i.e., for all i:

IVfi(z) =V i(y)| < L|z—-y|, forallx,yeRe

Assumption 10 (Growth assumption). There exist two positive scalars b
and B, such that, for all i, fi(x) > bllx| whenever |z| > B.

Assumption 9 is standard in the analysis of gradient methods. Assump-
tion 10 says that the function grows at least as b|z| when |z| is sufficiently
large. The two Assumptions hold with many costs, e.g., quadratics with pos-
itive Hessians, and source localization costs. Under Assumption 10, each f;
is coercive!, and so is [ := Zf\zfl fi- Thus, there exist 27, ¢=1,..., N, and 2%,
such that f} :=inf ga fi(2) = fi(x}), and f* :=inf s f(z) = f(2*). With-
out loss of generality (w.l.o.g.), we choose the constant B in Assumption 10
such that:
fr < bB, foralli=1,...,N,

(2

f* < NbB.

7)
8)

Hence, any minimizer z; of f;, for all 7, and any minimizer z* of f, belongs
to the closed ball {z e R¢: |z| < B}.

(6.
(6.

*Coercive means that f;(z) — +oo whenever |z| — +oo.
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Introduce the function F': RV - R, as:
F(x)=F(xy,...,xny) = fi(x1) + ... + fn(zN). (6.9)
For future reference, we introduce the set:
S:={zeR": F(z) <NbB}, (6.10)
and the following two constants:
D := sup|x| <oo (6.11)

zeS
G sup |[VF(z)| < oo.
zeS

The set S is compact, because the function F' is coercive by Assumption 10.
The two suprema in (6.11) are attained at some points and are finite, because
the set S is compact, and the functions |- | and |[VF'(:)| are continuous (The
latter function is continuous due to continuity of the gradients of the f;’s —
see Assumption 9.)

We consider the D-NG algorithm. Each node 7 updates its solution esti-
mate z;(k) and an auxiliary variable y;(k) over iterations k as follows:

a(h) = (- f)plb-Dvw 3 gi(k-1)-avfilu(k-1) (6.1

yz(k) = $Z(k) + 6k—1 ([EZ(k) - xl(k - 1)) , k= 1, 2, ceey (613)
with 2;(0) = y;(0) €e R%. The step-size o and the sequence fy, are:
c k

= =——» k=0,1,... 14
Qg L+ 17 Bk k+3a 07 ) (6 )
We choose ¢ and w as:
< 1 (6.15)
c £ —— .
p)\N(ﬁ) + L
w o= cp.

Here, p is a positive constant; e.g., it can be set to p = 1. To satisfy (6.15),
we require that nodes know beforehand (upper bounds on) p, Ay(L£), and
L. We can set p = 1. Further, it can be shown that Ay (L) < 2 max;_1_n ;.
Finally, if V f; has a Lipschitz constant L;, known by node ¢, we can take L
as L :=max;_;__n L;. Hence, requirement (6.15) is accomplished beforehand
through two distributed maximum computations — in O(N) per-node scalar
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communications.

5 Here, and throughout the whole Chapter, to avoid notational clutter, we
assume equal initialization Z(0) := 2,;(0) = v;(0) = z;(0) = y,(0), for all 4, y,
and we let d = 1, but the results extend for a generic d as well.

6.2.2 Clone functions V¥,

For a real number k > 0, consider the following (clone) unconstrained opti-
mization problem over x = (x1, Z,...,zx) € RN:

minimize Uy (z) =YY, fi(z;) + % x L, (6.16)

where p > 0 is a parameter. In (6.16), recall that £ is the graph Lapla-
cian matrix. Consider the step-size aj_1 = ¢/k, and let w = cp. Intro-
duce compact notation for nodes’ estimates x(k) := (z1(k),...,xn(k))7, and
y(k) == (y1(k),...,yn(k))T. Then, it is easy to verify that algorithm (6.5) can
be re-written as:

(k) = y(k-1)- a1 V¥i(y(k-1)) (6.17)
y(B) = (k) + B (k) —2(k-1)), k=1,2,...

with a4 and Sy in (6.14) and the initialization is x(0) = y(0) = Z(0)1. Hence,
at iteration k, algorithm (6.5) performs the (exact) Nesterov gradient step
with respect to the clone function Wy.

We impose that the step-size satisfies:

Aqp_1 = C/k' < 1/L\pk,

where Ly, is a Lipschitz constant of the gradient of Wj, which we can take
as:

Thus, we can choose:

Properties of the clone functions U,

Next Lemma states certain properties of the clone functions ¥;’s and prob-
lem (6.16). The Lemma also relates (6.16) with the original problem (6.1).

Lemma 1 (Properties of (6.16)). Consider (6.16). Then, there holds:

SWe assign equal weights wg to all neighbors; generalization to unequal weights is
straightforward.
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1. There exists a solution x°(k) = (25(k),...,x5%(k)) to (6.16) that satis-
fies inf ,cgn Wi () = W(2°(k)) =t ¥} > —oo. Further, the corresponding
solution set is compact.

2. fr2Vr>Uy forall k,t, k>t.

8. For any x¢(k), there holds: |V fi(25,,(k))| < LD+ G =: G*, for all i, k,
where x5, (k) = % PO x¢(k).

4. For any k>0, ¥r > f* - QJZlg()i*()Lz)'

For part (a), note that the function Wy, is coercive. Also, by Assumption 7,
the function W, is closed and convex. Hence, as ¥, is closed, convex, and
coercive, problem (6.16) is solvable, the solution set is compact, and ¥} > —oco
(see, e.g., [35]).

We prove part (b). Fix some k, and note that:

fr=(21) = ;fi(fc*) > Wi (2f(k)) = ¥,

and thus f* > ;. Next, fix k,t, k > ¢, and note that:

B = BE0) S (0) = 20 - S () L ()

IN

> f(af () + Gt (k) L (h) = Wi,

and so W; < Uy whenever ¢ < k, which completes the proof of part (b).
We now prove part (c¢). From part (b):

N
Y fi(a$(k)) < U < f*<NbB, forall k.
i1

Thus, z¢(k) belongs to set S, and then, in view of (6.11), we have: |z$(k)| <
|z¢(k)| <D, for all i, for all k. Further:

1 1
. == > ay < —N|z° <D.
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We now upper bound ||V f;(25,,(k))|:

|V filatu (R = [V ity (k) = V fi(ai(k)) + V fi(2i (k)|
|V fi(atye (K)) = V fi(ai (k)| + [V fi(2i (k)|
Lag, (k) =27 (k)| + [V fi(7 (k)|

L (g (R) [ + s (R)) + [V fias (k)
2LD+ G =G*, forall k,

IN N

IN N

where we use ||z$(k)| < [z¢(k)| < D (as z°(k) belongs to set S), (6.11), and
the Lipschitz continuity of the gradient V f; (see Assumption 9.) Thus, the
result in part (¢). We now prove part (d). We have:

vi=3f Filas (k) + Sk ()" Lt (k)
> 35 (fiwiag(B)) + Vi (B) () = 20 (1))) (6.18)
g (2°(k) = 25y (K)1)TL(2 (k) ~ 25 (K)1)
> Ja0) + X (67 10) - (] + FRA D5 8) - a5 (1))
(6.19)
L oo NGy
- 2pk (L)’
after (separately) minimizing each summand in (6.19) over € := |25(k) -

25,6(K)[ € R. Inequality (6.18) used convexity of the fi’s and the fact that
L(x5,,(k)1) = 0. Inequality (6.19) used the bound on the gradients, given by
IV fi(xS,, (k)| < G*, and the variational characterization of the eigenvalues
to show (xc(k.) - avg(k)]')Tﬁ(xC( ) - avg(k)]') 2 AQ(E)HIL.C(I{) ‘Iavg(k)1|‘27
as (z¢(k) — 28,,(k)1) is orthogonal to ¢; = —<1-the eigenvector of L that

VN
corresponds to A\;(£) = 0. Thus, the result in part (d).

6.3 Convergence analysis of projected mD-NC

We briefly summarize the analysis. We first show that YV, fi(zi(k)) =
O(log k), thus showing that YV, f;(z;(k)) does not grow fast with k. Then,
using the growth assumption on the f;’s in Assumption 10, we show that

IV fi(y:(k))| = O(log k). This then gives us that f(z;(k))-f* = O(log® k/k),
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and, as a corollary, that f(x;(k)) is uniformly bounded, for all ¢, k. (Lemma 4.)
Finally, we explain how to boost the bound to O(logk/k).

Bounding the function values by O(logk)

We now show that ¥V, fi(z;(k)) is O(logk).

Lemma 2. Consider algorithm (6.12)—(6.15). Further, denote by R := |Z(0)-
x*|. Then, for all k=1,2,...:

(2N R N(G*)?

;fl(xZ(k < +f(flf(0))+3(bNB Zf ) 2p)\2(£)5k7
where . ( ) .
L(t+1)2 ko
Sk =1+ Z 3 + ; M = O(lOg k') (620)

We prove Lemma 2 using the interpretation (6.17) that the iteration k
of our algorithm (6.5) is a Nesterov gradient step with respect to Uy. We
use it here to estimate the progress in one iteration with respect to Wy.
More precisely, denote by v(k) = M and recall that 6y, = 2/(k +2).
Applying Lemma 5 with f = Wy, a° = x*l and Ly = 1/ay = k/c (Note that
here 0, = 0; also, we do not choose z* to be an optimizer of ¥,, which is a
valid choice ):

(l<:+1)2

(U (z(k)) = Uy (2"1)) + (2/) Ju(k) - "1 (6.21)

2 _
<L (@ - 1) - B D) + Qf) (- 1) o 1P

Next, note that the term % (Uy(z(k-1)) = VUg(xz*1)) on the right hand
side of (6.21) is, for £ =1,2,..., upper bounded as (because W;(z*1) > ¥;}):

Pl k- ) - wen) < S - ) -wp)

k(Wr(e(k-1)) - W),  (6.22)

IN

IA

where the last inequality follows because Wy (z(k-1)) > ;. Further, the term
% (Uy(z(k)) — Wg(x*1)) on the left hand side of (6.21) is, for k=1,2
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lower bounded as:

(k+1)2 (k+1)2

(Ur(z(k)) = Wp(271)) =

B 4 oty
L (0t 1) - ¥)

2(k +2) (Up(x(k)) - V5) -

(Wr(x(k)) - ;) - (6.23)

(k+1)2

(@) -0)  (624)
(k+1)2 N(G*)?

20 +2) (W (R)) ~ ) = g

(6.25)

Here, (6.24) uses the fact that W (z(k))-¥r >0, so that k2+2k+1(\lf (z(k))-
Ur) > kQZ% (2\Ifk($(k:)) - W7); and (6.25) uses inequality f* - W; = Wp(z*1) -
Uy < % from Lemma 1, part (d). Using (6.22) and (6.25), dividing
(6.21) by k, and rearranging the terms:

(1+7) @aa®) - w) + o) - a1

< (We(e(k=1)) - ) + @Ilv(k— 1) =g D2 NG

k3 Qp)\g(ﬁ)7

or, equivalently:

(e (k) = 03) + k) = 2 12 S0k = 1)) = ) + (k= 1) =1

(k+1)> N(G*)? 2 .
(6.26)

We next replace the term (Uy(z(k)) - U;) on the left hand side in (6.26)
with its lower bound that involves (‘Ifk+1(a:(k)) \Ifk,+1) Using the definition
of the functions ¥, and Wy, adding and subtracting ¥y, + Sx(k)"Lx(k),
and using the relation W}, , > ¥} (see Lemma 1, part (b)):

> () + By L) - 0+ B, - 0

. gx(k)Tﬁx(k) - gx(k)TEx(k)

= (Upa(z(k)) - i) - x(k)Tﬁw(k) (Wi = 7)
(Wrer(z(k)) = Vi) - §x(k)T£x(k)- (6.27)

(Ui (x(k)) - W)

v
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Further, we replace the term —2 (U (z(k)) — ¥} ) on the right hand side of
(6.26) by an upper bound as follows. We express (\Ifk(m(k)) - \I/,*C) in terms

of (\IIWQJ(:U( ) -V k/2J) as follows:

N
(Bulal) = 9) = 2 a0 + PR sy () - v
N
WO ““/QJ 2 (KT L (k) = Wiy +

[
i

Pt ’O(_TWQJ)QJ(k)TL'x(k)
- (g () ~ W)~ (0~ W)+ DD )
Thus, using (V|x/2)(z(k)) - k/QJ) >0, and k - |k/2] > k/2, the term
(\Ilk(x(k)) *) is bounded from above as:
k[2
(Weo(k)) ~ W) 2 =0 = )+ 0Ly L),
or, equivalently:
2 2
7 (Wi(o(k)) = W0) < (Wi = Wy = S ()" La(R).

Next, by Lemma 1, parts (¢) and (d), the term :

N(G*)2

(Wk = Wlpep) = (V5 - f*)+(f*—‘1’fk/zj)ﬁm,

k=2,3,..,
which finally gives:

-2 (W) W) < (W - W) - D) L (h)

\ (6.28)
N(G ) _ Bm Tl _
< m 5 (k‘) L (k‘), k=2,3,..

Note that, for k = 1:

-2 (Wi (R)) - U) <205 - W) - Ea(1)"La (1), (6.29)
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Now, applying the bounds (6.27) and (6.28) to (6.26), for k=2,3,...:

(k) = 2" 1]* < (Wp(a(k -1)) - ¥})

NG ((k+1)2 1
zAQ(.c)( 243 +k’Lk’/2J)’

(e (2(R)) ~ W) + [

. %w(/ﬁ BRI

which gives:

(e (e () = Vi) € (Wl = 1)) = W5) + = olk=1) =21 = = o(k) - °1)?
(k’+ 1)2 1 N(G*)Q )

Also, for k =1:

(o (1))~ 93) < (1((0)) = W) + 2[o(0) =212 - 2u(1) - 21

(1+1)2N(G*)?
2.1 plo(L)

+2(TF - ). (6.31)

Finally, by telescoping (6.30) and (6.31), and using the definition of S,1:

(Vi (2(k)) = Vi) < T1(2(0)) = T + (2/)v(0) - 271 (6.32)
N(G*)2

+ pT(E) [Ska1] +2(07 = Tp).

Use equality z(0) = v(0) =z(0)1; U7 < f*; U) > Zf\zfl vy > Zﬁl fr; and
U, (7(0)1) = f(Z(0)). Substituting the latter findings in (6.32), we get the
desired result.

Bounding gradients by O(logk)

We now use Lemma 2 to show that the gradients |V f;(y:(k))| = O(log K),
k=1,..., K. Denote by:

N 2 )2
Cy = (f*—imiHNZf;)+3(bNB_§fi*)+f(f(O))+ 2]\;}% ’ 2]\/[3(;2;(2)

(6.33)
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Lemma 3. Consider algorithm (6.12)—(6.15), and denote by:

Curna = 3Lmax { B3Oy L+ LIT(O0) |+ ma I9AGGEOD] (639

1,..,N

Then, for all k=0,1,...,K:

[V £i(yi (k) < Craa Sk

Fix arbitrary node ¢ € {1,2,..., N}. By Lemma 2, and using f;(z;(k)) >
i+

N 2 *)2 N
f(m(k) < (f*—ij*)+2A;R +2]\;(g(2)5k+3(bNB—§f;)
< CfSkSCfSK,

because S, > 1 for all £k =1,..., K, and S < Sk, for all £ =1,..., K. Next,
using Assumption 10:

|z (k)| < max {B, (1/b)C} Sk.

which, because (k)| = |2(k) + 5 (v(k) w(k = 1))| <2fe(R)] + [=(k-1)],
gives:

lyi (k)| < 3 max{B, (1/b)C} Sk, (6.35)
Now, using the Lipschitz continuity of V f; and the triangle inequality:

|V fi(yi(R))|l IV fi(yi(k)) = V fi(4:(0)) + V fi(3:(0)) |
IV fi(yi(k)) = V fi(yi(0)) | + [V fi(3:(0))]|
Llyi(k) = yi(0)[ + |V fi(4:(0)) |

Ly (k)| + Ly (0) | + [V £ (y:(0))].

ININ N

The latter gives the desired result using the bound (6.57), the inequalities

lys () = i (O)] = [Z(0) ], [V £i(5:(0)) ]| € maxiy, . n [V fi(2(0))], and using
Sk > 1.

Optimality gap O(log®k/k): Bounding the function values by O(1)

We are now ready to prove the O(log3 k/k) rate of convergence, as well as
the bounded gradients result.

Theorem 6.1 (The O(log® k/k) rate of convergence under the growth as-
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sumption). Consider algorithm (6.12)—(6.15). Then, for all nodes i, the op-
timality gap +( f(x;(k)) < f*) = O(log” k/k); more precisely:

1 .
~ (@) = 1) (6.36)
2 B2 52 & (1) 5t
< T +16 LCgonscgrad ? Z 3 + Cgrad CCOHS ?7 k= 1’ 27
t=1

Lemma 4. Consider algorithm (6.12)—(6.15). Then, for all nodes i, the
optimality gap f(xz:(k)) < f* = O(log® k/k); more precisely:

2N R?
c

+ay LC? (C? d+agNC'2 Cronss

cons - gra grad

fQi(k)) < f"+

where ay,as are universal constants independent of system parameters.

|Proof of Theorem 6.1]

Recall that, to establish the optimality gap at iteration k, the proof of this
Theorem actually required only that the gradients |V f;(y:(t))] be bounded,
forall £ =0,1,.... k. Hence, for a fixed k, we can replace the unform bound on
the gradients G with a bound G, that satisfies: |V f;(y;(¢))]| < G, for all ¢ =
0,1,...,k. We can use G, = Cgraqa Sk, With S in (6.20) and Cgaq in (6.34).
Thus, Theorem 6.1 follows.

|Proof of Lemma 4] Lemma 4 follows after maximizing the right hand
side in (6.36) over k > 1, i.e., after calculating that:

52 k 2 S2
16 max{—k > (t:—;)} < 2000, max{f} < 50.

1| koo k>1

Improving convergence rate to O(logk/k)

It is clear that we can now improve convergence rate to O(logk/k). As
the function values f(x;(k)) are uniformly bounded by a constant for all
k, we proceed like in the proof of Lemma 3, and conclude that the gra-
dients V f;(y;(k)) are uniformly bounded by a constant, i.e., it holds that:
|V fi(yi(k))| < Cpq» for all i, for all k, for a certain constant Cy ;. Hence,
we obtain the O(logk/k) convergence rate, as desired.
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6.4 Projected mD-NC method: Constrained
optimization

6.4.1 Model and algorithm

We consider constrained optimization problem:

N
minimize Y  fi(z) = f(x) subject to z € X, (6.37)

i=1
and let the f;’s and X obey the following.

Assumption 11. 1. The set X is nonempty, convex, and compact with
|z| < B, forall ze€X for some B e (0,00).

2. For all i, f; : R~ R is conver, continuously differentiable, with Lips-
chitz continuous gradient with constant L on the set X' := {x e R : |z| <3 B}:

IVfi(x)-Vfi(y)| < L|z-y|, forallz,yelX’

By Assumption 11, there exists a solution z* € X with f(z*) = f* =
inf,cx f(x), and the solution set {z* € X : f(x*) - f*} is compact. Also, the
gradient V f;(z) is bounded over the set A", i.e., there exists a constant G ¢
[0,00) such that |V f;(z)]| < G, for all z € X’. Assumption 11 encompasses
many costs f;’s; e.g., any f; that is twice continuously differentiable on R¢
obeys Assumption 11 (b) with constant L = max,cx |V2fi(z)].

The projected mD-NC algorithms operates in two time scales, i.e., it
has inner iterations s and outer iterations k. There are 7, inner iterations
at the outer iteration s, with 7, specified further ahead. We capture the
communication pattern at (k,s) by the random matrix W (k,s) that obeys
the following.

Assumption 12. The matrices W (k,s) are:
1. Mutually independent and identically distributed;
2. Stochastic, symmetric, with positive diagonals, almost surely;
3. Foralli,j=1,..,N, almost surely, W;;(k,s) e {0} u[w,1];

4. The graph is connected on average, i.e., |E[W (k,s)] - J| < 1.
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Denote by 7 := (|E[W(k, s)?] - J|)"/?, and introduce, for future refer-
ence, the following matrices:

W(k) =W (k, )W (k, 7, = 1)..W(k,1) and W(k) :=W(k)-J. (6.38)

Projected mD—-NC algorithm

The projected mD-NC algorithm is summarized in Algorithm 4. See also [34|
for an unconstrained variant of the method. The step-size o < 1/(2L).

Algorithm 4: The projected mD-NC algorithm
1: Initialization: Node i sets: z;(0) = »;(0) e R%; and k = 1.
2: Node i calculates: :cz(a)(k:) =yi(k-1)-avfi(yi(k-1)).
3: (Consensus) Nodes run average consensus on a 2d x 1 variable x;(s, k),
initialized by x;(s = 0, k) = (2 (k)" 23 (k - 1)7)":

Xi(Sak;): Z le(k’S)X](S_]-vk)’ 5217"'77—14:7 Tk = [

4logk + log N"I
]EOZ(k’)

—log
(6.39)

and set xgc)(k) = [xi(s = 7, k)], and :ng)(k: —-1) = [xi(s =T, k) ] gi 104

(Here [a]m is a selection of [-th, [ + 1-th, ..., m-th entries of vector a.)
4: Node i calculates:

zi(k) = Py {29 (k) }.

5: Node 7 calculates:

yi(k) = (1 + Br-1)zi (k) = Br—1 w§b)(k -1).

6: Set k+— k+1 and go to step 2.

6.4.2 Framework of Inexact Nesterov gradient method

Throughout this Subsection, we consider the (centralized) constrained min-
imization of a function f(x) subject to x € X', where f: R? - R is convex,
and X c R4 is a nonempty, closed, convex set.

Definition 6.1 (Inexact oracle). Consider a convex function f:R? - R and
a nonempty, closed, convex set X. We say that a pair (fy,fq\y) eRxR%is a
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(Ly,0,) inexact oracle of f at point y € R? over the set X if:

flx) > f+G (x-y), forallzeX (6.40)
—~ L
f(z) < fy+fq\;(x—y)+7ny—yH2+5y, forallze X.  (6.41)

We give a couple of remarks with respect to Definition 6.1. First, in
Definition 6.1, we require that = belongs to X, while y may lie outside X.
Second, throughout we just use the wording “inexact oracle at y” rather
than “inexact oracle of f at y over X', as the set X and the function f are
understood from context. Finally, if (}Z,’g‘y) is a (L,,d,) inexact oracle at y,
then it is also a (L?’J,éy) inexact oracle at y, with Lj > L,.

We next give the definition of an inexact projection. First, denote the
exact (Euclidean) projection of y € R? on X by Py{y} = argmin_ |z - y||.

Definition 6.2 (Inexact projection). We say that x € R? is a (-inexact
projection of y e R? on X if: 1) x € X; and 2) |z - Px{y}| <.

Inexact projected Nesterov gradient. We consider the following
inexact iteration of the Nesterov gradient method to minimize f(x) over
X. For a given point (Z(k -1),7(k-1)) € X x R?, let (ﬁ,l,gk,l) be a
(Lj_1,051) inexact oracle at 7(k—1); further, let P, {y(k-1)- ﬁ’g‘k_l} be
a (p_1-inexact projection of y(k—-1) - ﬁfq\k,l. Construct T(k),y(k) as:

7(0) = Pe{ath-1)-

k-1

:cr} (k) = T(k) + B (T() - T(k — 1)16.42)

With respect to (6.42), we are interested in two choices of X: (a) compact
constraint set X, in which case (;_; may be non-zero; and (b) unconstrained
optimization X = R9, in which case we assume (;_; = 0.

Lemma 5 (Progress per iteration). Consider (6.42) for some k=1,2,... and
let x* be arbitrary point in X. Then:

1. Compact constraint set. If X is compact with x| < B, for all z € X,
we have:

(k+1)* (f(@(K)) = f(2®)) + 2Li-1 | 5(k) - 2°|? (6.43)

< (K -1 (F@(k-1)) - f(@*) + 2Lk ok - 1) -2 > (6.44)
+ (k+ 1)25k—1 +(k + 1)277k—17
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where 0y, = 2/(k +2) and

Yk =1) = (1= 0p1)T(k - 1)

v(k-1) = o (6.45)
Me-1 = Lp-1Cpoy + Ly (GB + ”i—_”) Ch-1 (6.46)
-1

2. Unconstrained case. If X =R and (x_1 = 0, then (6.43) holds with
Me-1=10.

6.4.3 Convergence rate analysis
Inexact oracle framework

To analyze the convergence rate of the projected mD-NC algorithm, we
use the framework of inexact projected Nesterov gradient method [32]. We
consider the global average T(k) := = ¥, x,(k), the disagreement at node i:
T;(k) == z;(k)-T(k), and the aggregate quantities x(k) := (z1(k)7,...,xn(k)T)T
and T(k) = (z1(k)7,...,zn(k)T)T. We also consider the counterparts for y;(k),
xl(a)(k), xl(b)(k), and xgc)(k), defined analogously.

We next derive the update equation for (z(k),y(k)). From Algorithm 4,
steps 2 and 3, we have that (@ (k) = 7 (k) = 5(k) - & ¥, Vfi(yi(k - 1));
from the latter and steps 4 and 5:

) - Bfit-n- o)) 6
B = ) + s (70 (= 1)), (0.43

where we define the inexact projection Py by:

N
P {2 (k)
-1
(6.49)
As with mD-NC for unconstrained optimization, algorithm (6.47)—(6.48)
can be viewed as an inexact projected Nesterov gradient algorithm. Both
the “gradient direction” and the projection step are inexact. With respect
to “gradient direction” inexactness, it can be shown that we have that the
“amount of inexactness” is dy_1 := L||J(k — 1)||?>. The next Lemma quantifies
the projection inexactness.

1
N i

Aot 1) - 5 SR 1)} =P T} -
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Lemma 6. Consider the projected mD-NC' algorithm with step size o <
1/(2L). Then, T(k) is (p-1-inezact projection of Y(k-1) -2 SN, v fi(yi(k -
1)), with

G| < %Nn%@(k)r. (6.50)

That is: 1) T(k) € X, and 2) [7(k)— Py {5k - 1) - 2 £3, Y fi(m(k - 1)} ] <
Ch—1-

We first prove claim 1 (Z(k) € X). Note that T(k) = + XN, Px {:L’gc)(k)},
and so it belongs to X' as a convex combination of the points that belong to
X. We next prove claim 2. Using 79 (k) = 5(k - 1) 2SNV i(yi(k - 1)),
equations (6.47) and (6.49), and expressing T(k) = ~ YN, PX{ EC)(k)}:

|Z(k) - Px {y(k—l)—%ivﬁ(yi(k—n)} | < (6.51)
¥ 2P (a0} - P (W) 1 (6.52)

Consider the right hand side in (6.51). Expressing =\ (k) = (9 (k) + 7 (k),
and using the non-expansiveness property of projection: |Pxy{u} - Px{v}| <
|u—-wv]|, forall u,veR¢ obtain:

IA

L 2[w] s

vl

2
where the last inequality follows by convexity of u — u?: (— ) HN(C)( )H) <
¥ ST W)2 = & |72

N
z(k) - Py {@(k -1)- % ; v fiyi(k - 1))}H

IN

(6.54)

Disagreement estimate

We next find the bounds on |7(k)| and |Z(©)(k)]||, in order to characterize
the oracle inexactness d; and the projection inexactness (.

Lemma 7. Consider the projected mD—-NC' algorithm , and the step size
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a<1/(2L). Then, for all k=1,2,...:

E[FOWI) < E[Fome] s YOI g
EUF0I < EfjFe)) < XEEHCE g5

The left inequalities in (6.55) and (6.56) follow, e.g., from the Jensen
inequality h (E[Z]) <E[R(Z)], with h(z) = 22.

We now prove the two right inequalities. We conduct the proof for d =1,
while the extension to generic d is straightforward.

The proof has four steps. In Step 1, we upper bound |y(k)||. In Step 2,
we prove (6.55). In Step 3, we upper bound E[|Z(k)|?]. Finally, in Step 4,
we prove (6.56).

Step 1: Bounding |y(k)|. We first prove a bound for |7(k)|. Consider
step 3 in Algorithm 4 and fix arbitrary node i. Note that xgb)(k: —1) belongs
to X, because it is a convex combination of the points z;(k-1), j=1,..., N,
that belong to the set X'. Next, using |5x_1| < 1:

lyi(k) | < 2]z (k)] + [ (k= 1)] < 3B,
as 7;(k),z\" (k- 1) e X, for all k. Thus, we obtain the desired bound:

ly(k)| <3VNB, for all k. (6.57)

_ Step 2: Proof of (6.55). Recall the definition of W(k) in (6.38). and
W(k) =W(k) - J. From steps 2 and 3 in Algorithm 4, note that Z(¢) (k) can
be written as:

FO(k) = W(k)(I - J) (y(k - 1) - aVF (y(k - 1))).

Take the norm, use the sub-multiplicative and sub-additive properties
of norms, and square the obtained inequality. Further, use |I - J| = 1,
inequality (6.57), |VE(y(k - 1))| < VNG, and the Jensen inequality, to
obtain (6.55).

Step 3: Upper bounding E[|Z(k)|?]. For Z;(k) := z;(k) —z(k), using
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zi(k) = Py {2{?(k)} and F(k) = % £, Po{z;(k)}, we have:

F0] - [Py -5 3 et (6:59)
- [F S (et @ pet )|
< F L [P W) - Peta )| (6.59
N EUOEERC (6.60)
< w2 (e k’>H 72w (6:61
< |70+ Hx@(k:)H- (6.62)

The left inequality in (6.59) is by convexity of norms, while the right in-
equality is by the non-expansiveness of the Euclidean projection: ||Py{a} -
Py {b}| < |a=b]|, for all a,beR?. The left inequality in (6.61) is by expressing
| (k)= (B)] = 1@ () =7 () + (@ (k) =) < Wk) 7]+
7€) (k) - 2$7)[; and the right inequality in (6.61) is by (& X, ||x(c)(k;)H)

LN |\f§c)(l€) |? = % |7 (k)[?. Summing the squared right inequalities in (6.61)
over ¢ =1,..., N, and using

(

we obtain:

:@(C)(k)HQ ”J](C)(]C)’

NEINT I i
xl()(k;)H +\/_NH”T(C)(I€)H) <2

[Z(k) > < 417 (%)
Thus, from (6.55), we obtain the desired bound:

AN(3B +aG)?

E[Z(R) D <E[|7®)]*] < 18 (6.63)

Step 4: Proof of (6.56). From step 5 in Algorithm 4, we have:

y(k) (1+ Bi-1)T(k) - Bpoa @O (k- 1)

= (1+ Bp1)T(k) = B W(E) (I = J) x(k - 1).
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Thus, using ||Bk-1] < 1
[FR) < 2[FE)]| + V)| TR - 1))

Squaring the latter inequality, using (a + b)? < 2a? + 2b%, (6.63), and |(] -
J)x(k-1)| < V/NB, we obtain:

[T < 4[F(R) 12 + 20V (k) | |7 (k - 1) ).

Taking expectations, using (6.63), and using Jensen’s inequality, we finally
obtain (6.56).

Convergence rate

We are now ready to state the convergence rate result for the projected mD—
NC algorithm.

Theorem 6.2. Consider the projected mD-NC' algorithm, with the constant
step size a < 1/(2L). Let |T(0) —x*| < R, R>0. Then, after

k
ICZ ZTtS
t=1

communication rounds, i.e., after k outer iterations, we have, at any node i:

j — (4(k+ ) log(k-+ 1)+ (k+ 1) log V)

[f(l“z(]@)) f] ki(_RZ+a’1LB2+a'2L(6B+04G)2+04G2)7 (6.64)

k=1,2,..., (6.65)
where a) and al, are universal constants independent of system parameters.

|Proof outline] We apply Lemma 5 (a) with z* = z*. Further, as J; <
L||g(k)|?. we have, by Lemma 6, and Lemma 7: J; < LHy(lc)H2 = 9NLBQ,

Gk < H?f“’)\/%k)” < 3B]:4°‘G. Finally, set L, ; = N/a, and note that |gy| =
-1 V [ily; < , forall k, as y;(x) € X7, for all k. We now have a
val k NG, f 11 k X!, f 11 k. W h 1

the relevant quantities set, and the proof proceeds by applying Lemma 5 (1).

6.5 Proof of Lemma 5 (1)

We perform the proof in three steps.
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Step 1. We first prove the following auxiliary equality:
Or_1v(k) =7(k) - (1-0,_1)x(k-1). (6.66)

Using the definition of ©(k) in (6.45), 0 = 2/(k+2), and Si-1 = (k-1)/(k+2):

o(k) - k;Q(f(k)JrZ;;E(k)—Z;;f(k‘—l)—%i(k’))
e DR )

Multiplying the expression on the right hand side of the last equality by
Or-1 =2/(k+ 1), the result follows.

Step 2. We prove the following relation:

PR < F(2) + L (F(R) =5k~ 1) (-~ 7(k) + 22 7k - (k- D)
(6.67)
+ 01 + M1, forall ze X. (6.68)

Because T(k) € X (by construction), we have, using (6.41):

FEL (k) - gk- 1)+ 6. (6.69)

F@(k) < feor + 70, (@(k) - (k- 1)) +

Denote by p:= Py {y(k: -1)- L;l’g‘k_l}. We next upper bound the term

1) = L (3060 - 22} () -2),

for arbitrary z € X. Adding and subtracting p in the second and third factors
of TI(z), obtain:

G = b (-0 22 ) o)
k-1

Ly
o L (301 - 2L ) @) - p) (6.70)
+ Lia(p-2(k) (p-2) - Ly [p - 2(k)[
> Lk =1) = 2= [(8) -l (6.71)
- Lialp -0 Ip - 2l - Lialp - F(R)P. (6.72)

The inequality follows by: 1) upper bounding the last three summands of
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[(2) via u™v > —|lul ||v], for all u,v € R% and 2) using the fact that the first
summand is nonnegative by the following projection property:

(w - Py{w})’ (pa{w}-2) >0, forall z e X. We next upper bound |7(k) -
pll, [7(k=1) - B~ p|, and [p- 2|. Upper bound |(k-1) - Z=t - p| using
the sub-additive property of norms:

Hgk 1”

[y(k-1) -+ —pH <[yt -1)f +

+ [pl-

Next, note that | 1] < 1, and because T(k-1),7(k) € X: |y(k-1)| < 3B.
Also, because T(k),p € X, we have |Z(k)| < B and |p| < B. Using the latter
bounds on [[g(k - 1)|, [Z(k)], and [p]:

_ _ G- k-
7)1 < Goor, [0k~ 1) - B psap+ B2y <o (673)

where the bound on |Z(k) - p|| is by the algorithm construction. Apply-
ing (6.73) to (6.71), obtain:

0 <TI(=) +mr = Loy (y(k: _1)- %—1 —E(k))T @F(k) = 2) +mea,  (6.74)

where 7,1 is given in (6.46). From property (6.40): fr_; < f(2) +G;_(y(k -
1) - z), and so, using the last equation and adding (6.69) and (6.74), the
claim (6.67) follows.

Step 3. We finalize the proof of Lemma 5 by proving (6.43). We start
by using relation (6.67). Namely: 1) setting z = Z(k - 1) in (6.67) and
multiplying inequality (6.67) by 1 — 6_1; 2) setting z = z* in (6.67) and
multiplying inequality (6.67) by 6x_1; and 3) adding the corresponding two
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inequalities:

s L)) = 10} + (1= 060) L)) F k- 1))
(@) - S0 - (=) (FE- 1) - FG)

Ohr Ly (2(R) =k = 1) (" - (k) (6.75)
(1= 061) s (70R) gk = 1)) (F(k - 1) - 7(8)

FEL () -k = 1) + 6y +

Lica (@) - (k= 1)) Gz + (1= 6 )Tk = 1) =) (6.76)

Bt ) 0= 1)1+ 5y e
- B o) - k- 1) Oraa® + (1= )70 - 1) - 7(8))

+ @k =Gk = D)%) + 01 + 11 (6.77)

+ IA

Denote by:
My = 2F(k)-7(k-1)) (O3 +(1-0k-1)T(k-1)-T(k))+[T(k)-7(k-1)]?).
Then, inequality (6.77) is written simply as:

Ly
2

{F@HR) = ()} = (1=0p1) {f(@(k - 1)) - f(2°)} <

M1+ 01 + M1

(6.78)
Now, we simplify the expression for Mj_; as follows. Using the identity:

[Z(k) =gk - D)|* = 2z (k) - 5(k - 1))"Z(k) + [g(k - D|* - [Z(k)]*,

we have:

M = 2@(k) -7k = 1)) (Oporz® + (1= Op_1)T(k - 1)) = |[2(k)|* + [7(k - 1)
= gk -1) = ((1 - Op-1)T(k - 1) + Op_12°)|? (6.79)
— @) = ((1 - Op—1)T(k — 1) + Op12°) |
= O [v(k-1) - a*|* - 67, |v(k) —2*|?, (6.80)

where the last equality follows by the definition of (k-1) in (6.45) and by
the identity (6.66). Now, combining (6.78) and (6.80):

(f(@(K)) - f(z%)) - (1-00)(f(@(k-1))-f(z*))

Lj,_16?
< L (k- 1) - 2| - [(R) - 2° ) + Bica + e
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Finally, multiplying the last equation by -, and using 0x_1 = 2/(k +1), we
k-1

get the result.
The major part of this chapter is taken practically unaltered from the

PhD thesis [18|.



74

CHAPTER 6. NESTEROV-LIKE METHODS



Chapter 7

Conclusion

This manuscript covered relevant concepts to help gain understanding of op-
timization methods for distributed non-smooth optimization. Chapter 1 re-
viewed relevant concepts and properties of convex functions. Chapter 2 con-
sidered elements of subgradient calculus and introduced subgradient meth-
ods. Chapter 3 was concerned with duality theory. The material in Chapters
1-3 provided a required background for understanding of design and analy-
sis of parallel and distributed optimization methods for convex (non)smooth
problems. Chapter 4 introduced some common communication and compu-
tational (optimization) models and provided several application examples,
and it considered dual distributed methods. Chapter 5 considered primal
(sub)gradient methods. Finally, Chapter 6 was concerned with the primal
distributed methods based on the Nesterov gradient method.
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